Federal Reserve Bank of Cleveland Working Paper Series

Predictable Forecast Errors in Full-Information
Rational Expectations Models with Regime Shifts

Ina Hajdini and André Kurmann

Working Paper No. 24-08

April 2024

Suggested citation: Hajdini, Ina and André Kurmann. 2024. "Predictable Forecast Errors in Full-
Information Rational Expectations Models with Regime Shifts." Working Paper No. 24-08. Federal
Reserve Bank of Cleveland. https://doi.org/10.26509/frbc-wp-202408.

Federal Reserve Bank of Cleveland Working Paper Series
ISSN: 2573-7953

Working papers of the Federal Reserve Bank of Cleveland are preliminary materials circulated to
stimulate discussion and critical comment on research in progress. They may not have been subject to
the formal editorial review accorded official Federal Reserve Bank of Cleveland publications.

See more working papers at: www.clevelandfed.org/research. Subscribe to email alerts to be notified
when a new working paper is posted at: https://www.clevelandfed.org/subscriptions.

This work is licensed under Creative Commons Attribution-NonCommercial-NoDerivatives 4.0
International. To view a copy of this license, visit https://creativecommons.org/licenses/by-nc-nd/4.0/

@®8 06



https://doi.org/10.26509/frbc-wp-202408
https://www.clevelandfed.org/research
https://www.clevelandfed.org/subscriptions
https://creativecommons.org/licenses/by-nc-nd/4.0/

Predictable Forecast Errors in Full-Information
Rational Expectations Models with Regime Shifts*

Ina Hajdini André Kurmann
Federal Reserve Bank Drexel University
of Cleveland

April 6, 2024

Abstract

This paper shows that regime shifts in Full-Information Rational Expectations (FIRE)
models generate predictable regime-dependent forecast errors in macro aggregates. Hence,
forecast error predictability alone is neither sufficient to reject FIRE nor informative about
alternative expectations theories. We instead propose a regime-robust test of FIRE and ap-
ply it to a medium-scale New Keynesian model with monetary policy regime shifts that is
estimated on US data. While the test fails to decisively reject FIRE, the model conditional on
macro data implies expectations that are generally different from observed survey forecasts,

thus providing a new empirical motivation for alternative expectations theories.
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1 Introduction

Much of modern macroeconomic research operates under the assumption that agents perfectly
know the current state of the economy and form expectations rationally based on a “model-
consistent” calculation of the equilibrium. One of the hallmarks of this full-information rational
expectations (FIRE) hypothesis is that forecast errors are unpredictable. Yet, a growing body of
research based on survey expectations data shows that ex-post forecast errors are often predictable
in systematic and quantitatively important ways. This has been taken as evidence against FIRE
and has sparked a burgeoning literature introducing information frictions, departures from rational
expectations, or combinations thereof to explain observed forecast error patterns.!

In this paper, we study the predictability of ex-post forecast errors in FIRE models in the
presence of regime shifts in either model parameters or stochastic processes. Such regime shifts,
due, for example, to changes in the economic environment or the stance of fiscal and monetary
policy, are well-documented and the focus of a large literature.?

The main result of our investigation is that regime shifts in FIRE models lead to predictable
regime-dependent forecast errors. Intuitively, regime shifts introduce uncertainty about the future
probability distribution of variables. Agents incorporate this uncertainty by forming expectations
as a weighted average of regime-conditional forecasts. Forecast errors, measured ex-post after a
particular regime has realized, are therefore systematically related to information available at the
time of forecast.

The result has two important implications. First, in the presence of regime shifts, predictability
of forecast errors is not a sufficient condition to reject FIRE. Specifically, a researcher estimat-
ing reduced-form regressions of ex-post forecast errors on current information may find significant
non-zero coefficients even if the data have been generated under FIRE. The sign of the estimated
coefficient depends on the sample sequence of realized regimes relative to agents’ expectations.
Hence, regime shifts produce waves of over- and under-reaction of expectations to current infor-

mation across rolling window regressions as the sample sequence of regime realizations changes.

1See Coibion and Gorodnichenko (2015), Angeletos, Huo, and Sastry (2020), Bordalo et al. (2020), Kohlhas
and Walther (2021), and Farmer, Nakamura, and Steinsson (2023), among many others. Also see Coibion, Gorod-
nichenko, and Kamdar (2018) for a summary of the literature.

2Prominent examples include Clarida, Gali, and Gertler (2000), Leeper and Zha (2003), Stock and Watson
(2002), Cogley and Sargent (2004), Lubik and Schorfheide (2004), Boivin and Giannoni (2006), Sims and Zha
(2006), and Bianchi (2013). Also see Hamilton (2016) for a survey and references therein.



Forecast error predictability vanishes only as the sample grows large and the distribution of regime
realizations converges to its population counterpart (and thus agents’ expectations). In the limit,
unpredictability of forecast errors therefore remains a hallmark of FIRE even in the presence of
regime shifts. But regime shifts may be too infrequent for this convergence to occur in available
samples of macroeconomic forecasting data.

Second, in the presence of regime shifts, forecast error regressions on their own are not informa-
tive about alternative theories of expectations formation. This is because ex-post forecast errors
by forward-looking agents — whether fully informed rational or not — are a complicated function
of the sample sequence of regime realization that is generally unobserved by the researcher. In
addition, with the exception of stylized examples, the variables used as predictors in forecast error
regressions do not span the information set of forecasters. Hence, the regressions are generally sub-
ject to omitted variable bias. We view this second implication as perhaps most important, since
the literature has used estimates from forecast error regressions to argue in favor of or against
specific forms of information frictions or departures from rationality.

These results should be taken as neither an endorsement of FIRE nor a rejection of alternative
theories of expectations formation. Indeed, there is much empirical evidence that even sophisti-
cated market participants are subject to imperfect information and make decisions that are hard
to square with the assumption of rational expectations.® Instead, the question is whether FIRE
constitutes an appropriate metaphor for average expectations and macroeconomic dynamics, or
whether alternative theories of expectations formation provide a better fit with the data. This is
important because such alternative theories can lead to policy prescriptions that differ substan-
tially from those under FIRE.* Our results imply that to answer this question, researchers should
assess FIRE against alternative expectations processes as part of fully specified structural models
that incorporate plausible regime shifts. To that end, we propose a simulation-based test, which
computes the probability that the forecast error predictability estimated in the data was generated
from a given model. We then apply the test to a medium-scale New Keynesian model with regime
shifts in monetary policy.

The rest of the paper proceeds as follows. Section 2 sets the stage by reviewing the existing

3See Tversky and Kahneman (1973), Kahneman and Tversky (1973), De Bondt and Thaler (1985), De Bondt
and Thaler (1989), Adam (2007), and Malmendier and Nagel (2016), among many others. Furthermore, there is
pervasive heterogeneity in the level and accuracy of forecasts across economic agents, directly contradicting the
FIRE hypothesis. See Carroll (2003); Coibion, Gorodnichenko, and Kamdar (2018); Broer et al. (2021); and Weber
et al. (2022) for examples.

4See for example Ball, Mankiw, and Reis (2005) and Paciello and Wiederholt (2014).



empirical evidence on the predictability of forecast errors with data for US inflation and output
growth from the Survey of Professional Forecasters (SPF). We then document that this data
features waves of over- and under-reaction of forecasts to current information over rolling sample
windows.

Motivated by these findings, in Section 3 we illustrate the implications of regime shifts for
forecast error predictability in a univariate FIRE model whose coefficients switch according to a
Markov process. Agents have perfect information about the current state of the economy, including
the realized regime, and form rational expectations about the future based on full knowledge of the
environment. The simplicity of the model admits a closed-form solution of ex-post forecast errors
as a function of the current state, with the sign of this relationship depending on the future regime
realization. We then derive the expected forecast error regression coefficient and show that the
sign and magnitude of the estimates depend on the sequence of regime realizations over the sample
period relative to agents’ expectations. Hence, consistent with the empirical evidence, we should
expect waves of over- and under-reaction to current information across rolling windows as the
sequence of regime realizations changes. We illustrate with Monte Carlo simulations that within
the context of this simple data-generating process, these waves can be sizable and that convergence
of regime realizations to the unconditional distribution is slow, exceeding the available time series
of survey expectations of macro aggregates.

To move beyond a simple critique of forecast error regressions, Section 4 proposes a regime-
robust test of FIRE. The test consists of first building the distribution of forecast error regression
coefficients with simulated data from a FIRE model with regime shifts and then computing the
significance level at which the empirical regression coefficient estimates allow one to reject the null
of FIRE. The test is similar in spirit to simulation-based tests of rational expectations models with
imperfect information and learning by Andolfatto, Hendry, and Moran (2008) and Adam, Marcet,
and Beutel (2017). Different from these tests, however, our test is applied to FIRE models with
regime shifts and takes into account not only finite sample uncertainty but also uncertainty about
the data-generating process and the sequence of realized regimes.

Section 5 generalizes the analysis to any Markov-switching FIRE model with a minimum state
variable solution. We show that ex-post forecast errors are typically a complicated function of
the current state of the economy and the sequence of realized regimes over the entire forecast

horizon. The result confirms the predictability of ex-post forecast errors in FIRE models with



regime shifts. At the same time, the result implies that simple univariate forecast error regressions
as used in literature are generally subject to omitted variable bias because the variables used in
these regressions do not span the information set that agents use. This means that even if one
abstracts from the fact that regime realizations are generally unobserved, forecast error regression
estimates do not have a structural interpretation and are therefore not informative about the
underlying expectations data-generating process.

Finally, section 6 applies the regime-robust test of FIRE to a medium-scale New Keynesian
model along the lines of Christiano, Eichenbaum, and Evans (2005), Smets and Wouters (2007),
and Justiniano, Primiceri, and Tambalotti (2011) augmented with Markov regime shifts in the
monetary policy interest rate rule as proposed by Bianchi (2013). We estimate the model with
Bayesian likelihood-based techniques on US macro aggregates. The model, which is considered a
benchmark for modern business cycle analysis and monetary policy, fits post-World War II macro
dynamics reasonably well. We find that based on this data-generating process, the test fails to
decisively reject the null of FIRE. Conditional on the observed macro aggregates, the model also
generates sizable waves of over- and under-reaction of expectations to current information over
rolling sample windows. Regime shifts in monetary policy play only a small role for these waves,
however, and conditional on the observed macro data, the model implies waves that are generally
quite different from the empirical estimates. This represents a clear challenge for the model,
thus providing a new empirical motivation to consider data-generating processes with a richer
regime shift structure (e.g., in trend inflation and/or trend growth) and/or alternative theories of
expectations formation.

The paper is related to several literatures. As reviewed in Section 2, the paper contributes to a
burgeoning literature on the predictability of survey-based forecast errors of macro aggregates. The
key insight of our analysis is that in the presence of regime shifts, predictable forecast errors are
not a sufficient condition to reject FIRE. As already emphasized, we do not interpret this result as
a critique of alternative theories of expectations formation. Our point instead is that reduced-form
forecast error regressions on their own are not informative about alternative expectations theories
relative to FIRE.

The result shares clear parallels with an earlier asset pricing literature on tests of the effi-
cient markets hypothesis in the presence of so-called peso problems, i.e., anticipated changes in

the probability distribution of asset prices. See, for instance, Rietz (1988); Engel and Hamilton



(1990); Cecchetti, sang Lam, and Mark (1993); Kaminsky (1993); Evans and Lewis (1995a, 1995b);
Bekaert, Hodrick, and Marshall (2001); and Barro (2006).> The main difference of our paper rel-
ative to this literature is that we study the consequences of regime shifts for the predictability
of ex-post forecast errors in a modern Dynamic Stochastic General Equilibrium (DSGE) context,
propose a formal regime-robust test of FIRE, and apply the test to an estimated medium-scale
DSGE model with plausible regime shifts.

The paper also contributes to a recent literature that analyzes the extent to which learning in an
equilibrium context can explain salient features of survey-based forecast errors of macroeconomic
aggregates. Aside from the work by Andolfatto, Hendry, and Moran (2008) and Adam, Marcet,
and Beutel (2017) mentioned above, the paper perhaps most closely related to ours is King and Lu
(2021), who propose a model with endogenous regime shifts in monetary policy and private sector
learning to account for the rise and fall in US inflation and the concomitant dynamics of inflation
forecast errors in the SPF. Other related papers are Farmer, Nakamura, and Steinsson (2023),
who propose a model of professional forecasters who learn about low-frequency features of the
underlying data-generating process to account for various “forecast anomalies,” and Andolfatto
and Gomme (2003); Davig (2004); Schorfheide (2005); Bullard and Singh (2012); Richter and
Throckmorton (2015); and Foerster and Matthes (2022), among others, who introduce imperfect
information and learning into otherwise rational expectations DSGE models with Markov regime
shifts. The distinguishing feature of our analysis is to show that even with perfectly informed

rational agents, regime shifts can generate predictable forecast errors.

2 Empirical evidence on survey-based forecast errors

In this section, we provide a brief review of the empirical evidence on the predictability of survey-
based forecast errors. Then we document that survey-based forecasts exhibit waves of over- and

under-reaction to current information across rolling sample windows.

5The name peso problem goes back to the empirical puzzle that forward rates on the Mexican peso traded below
the dollar exchange rate for much of the early 1970s even though the peso was pegged to the dollar. Then, in 1976,
the peso was allowed to float and depreciated by almost 50 percent. Ex-post, the forward-spot rate difference prior
to the devaluation looks like a predictable forecast error, but ex-ante it is consistent with rational expectations
under the assumption of regime shifts. See Lewis (2008) for a review.



2.1 Reduced-form forecast error regressions

A large literature documents that survey-based expectations of macroeconomic aggregates are
often biased and that ex-post forecast errors — the difference between actual realizations and ex-
ante forecasts — are autocorrelated in systematic and quantitatively important ways. See, for
example, the reviews by Croushore (2010) and Coibion, Gorodnichenko, and Kamdar (2018) as
well as the references therein. While these results were initially greeted with skepticism, they have
over time gained increasing acceptance as evidence against FIRE, reflecting either inefficient use of
information by forecasters (departures from rationality) or sticky information/costly information
acquisition (departures from full information) or both.

More recently, the literature has expanded on this empirical evidence by estimating linear
regressions of ex-post forecast errors for prominent macroeconomic aggregates (e.g., inflation and
output growth) on information available at the time of forecast. For instance, Angeletos, Huo, and

Sastry (2020) and Kohlhas and Walther (2021), among others, estimate

Yirn — Firn = 0+ Y + €qn, (1)

where y;.n — Fyyion denotes the ex-post forecast error about the time ¢ + h realization of some
macro aggregate of interest, y;, 5, relative to its forecast at the end of period ¢ and the beginning of
period (t+1), Fyyirn; ye is the current realization known to agents at the time of forecast; and ey,
is an error term. In turn, Coibion and Gorodnichenko (2015), followed by Bordalo et al. (2020),
Angeletos, Huo, and Sastry (2020), and Kohlhas and Walther (2021), among others, estimate

Yirn — Fryeen = w + 0 (Fiyeen — Fio1Yesn) + €ttn, (2)

where Fyy;p — Fi_1y:1n denotes the ex-ante forecast revisions reflecting news known to the agents

at the time of forecast.”

6See Mincer and Zarnowitz (1969), Friedman (1980), Nordhaus (1987), Maddala (1991), Croushore (1998),
and Schuh (2001) for early examples of the former perspective, and Mankiw and Reis (2002), Mankiw, Reis, and
Wolfers (2003), Sims (2003), Woodford (2003), and Mackowiak and Wiederholt (2009) for early examples of the
latter perspective.

"We note that Fiyi4r denotes the forecast about y;1p given information available at the end of period (¢ — 1)
and the beginning of period ¢t. Hence, the subscript ¢ in F; denotes the period when information becomes available
to the professional forecasters (end of period t), and not the period when they report the forecast (beginning of
period ¢+ 1). This notation is different from the one in Coibion and Gorodnichenko (2015), Fyy:+3,where ¢ denotes
the period when forecasters report the forecast.



The OLS estimate 47 of regression (1) is often found to be negative, although the significance
and even the sign of the estimate depends on the macro aggregate, forecast horizon, and sample
period considered. The OLS estimate op of regression (2), by contrast, is typically positive and
significant.® These estimates are frequently interpreted as evidence that agents simultaneously
over-react to the current state of the economy but under-react to news, which has led different
authors to propose new theories of expectations formation based on information rigidity (Angeletos,

Huo, and Sastry (2020)) or asymmetric attention (Kohlhas and Walther, 2021).

Table 1: Forecast error regression estimates for US inflation and output growth

Panel A: yirq — Fiypra = 0+ vy + €144

Full sample 1970:2-2019:1 Subsample 1983:1-2019:1
AT o5, ply=0) Ar o5 ply=0)
Output growth —0.105 0.065 0.107 —0.049 0.092 0.594
Inflation 0.049 0.070 0.480 —0.169 0.070 0.017

Panel B: Yrya — Fiyjrya = w + 6(FiYra — Fio1Yiga) + €144

Full sample 1970:2-2019:1 Subsample 1983:1-2019:1
or 05, p(6 =0) or 05, p(6 =0)
Output growth 0.717 0.232 0.002 0.507 0.299 0.092
Inflation 1.010 0.459 0.029 0.111 0.221 0.617

Notes: The table reports OLS coefficient estimates, HAC-robust standard errors, and p-values of the null that the coefficients are zero
for regressions of four-quarter ahead ex-post forecast errors of US inflation and US output growth on current realizations and current
forecast revisions of the two variables, respectively. See the text for details on the data construction. HAC-robust standard errors are
computed using the Newey-West estimator with bandwith set equal to 5.

To fix ideas and set the stage for the rest of paper, we reproduce some of these regression esti-
mates for inflation and output growth. Following Coibion and Gorodnichenko (2015), Angeletos,
Huo, and Sastry (2020), and Kohlhas and Walther (2021), among others, we use quarterly data

from the SPF and focus on four-quarters-ahead forecasts. The sample covers the period 1970:2-

2019:1.° We measure inflation at time ¢ (i.e., y; in the above notation) as the average quarterly

8Some studies compute forecast errors by averaging forecasts across survey participants, while other studies use
individual forecasts and estimate the two regressions with individual fixed effects. The results are typically very
similar. Bordalo et al. (2020) and others, in turn, estimate regression (2) as a panel using individual forecast errors
Yern — Firyern and individual forecast revisions Fyyeqn — Fye—1Y:4+n. They report negative as opposed to positive
estimates of §. As Angeletos, Huo, and Sastry (2020) and Kohlhas and Walther (2021) point out, however, the sign
of this estimate depends on the treatment of outliers in the individual forecast data and the sample period.

9Note that to construct annual forecast error data, we use data realizations up to period 2020:1.



growth rate of the real-time GDP deflator over the last four quarters (i.e., time ¢ — 4 to ¢) and
repeat the same computation with chain-weighted real GDP to measure output growth. To con-
struct four-quarters-ahead, that is annual, forecasts, we use the consensus forecasts and average
the forecasts at time ¢ about quarterly inflation (similarly for output growth rates) in the end of
periods (t 4+ 1), (t +2), (t + 3), and (¢ + 4). We then compute forecast errors as the difference
between the average quarterly growth rate of the real-time GDP deflator over the last four quarters
(i.e., time (t+1) to (t+4)) and the annual inflation forecast.!® For all observed realizations, we use
real-time data because final revised data may reflect reclassification and information not available
at the time of the forecast (see Croushore, 2010). Following the above literature, we do not correct
the estimates for finite sample bias and use HAC-robust standard errors for inference.!!

Table 1 reports the results both for the full sample and what we call the post-1970s subsample
that starts in 1983:1 and ends in 2019:1, a period associated with low inflation and low output
growth volatility.

As shown in Panel A, while the OLS estimate 97 of regression (1) is negative for both the full
sample and the post-1970s sample for the case of output growth, the sign switches for the case
of inflation. Except for the case of inflation for the post-1970s subsample, one cannot reject the
null of zero prediction at high significance levels. As discussed in Kohlhas and Walther (2021),
however, the negative sign and significance of 47 is somewhat more robust for samples starting
in the mid-1980s and ending before the 2008-09 Great Recession, and when inflation is measured
with the consumer price index (CPI) as opposed to the GDP deflator.

As shown in Panel B, the OLS estimates or of regression (2) are generally positive and, at least
for the full sample, highly significant, thus confirming the results in Coibion and Gorodnichenko
(2015). At the same time, the magnitude of the estimates declines considerably for the post-1970s

subsample and, for the case of inflation, the estimate becomes insignificant.

10Gimilarly, to construct Fy_1y;,4, we average the forecasts at time (¢ — 1) about quarterly inflation and output
growth rates at the end of periods (¢t + 1), (¢t +2), (t + 3), and (¢t + 4). The way we construct forecasts and
forecast errors is similar to Coibion and Gorodnichenko (2015) and Kohlhas and Walther (2021), with some minor
differences. The former compute annual forecast errors by averaging the one- through four-quarters-ahead forecast
errors. The latter, instead, rely on the forecast about the level of the GDP deflator and real output growth to
construct forecasts about the annual growth rates, by computing the growth rate between the forecast about the
level in period (¢ + 4) and the forecast about the level in period (¢ + 1).

HOLS coefficient estimates are biased in finite samples if the regressors are not strictly exogenous. As discussed in
Section 3, strict exogeneity is typically violated for the type of regressions in (1) and (2), independent of whether the
data-generating process contains regime shifts or not. Other studies such as Adam, Marcet, and Beutel (2017) bias-
correct their estimates in a related context. The regime-shift robust test that we propose in Section 4 automatically
takes finite sample bias into account.



2.2 Waves of over- and under-reaction

To investigate the variation in the predictability of forecast errors further, we estimate each of the
above regressions over rolling 40-quarter samples. Figure 1 reports the point estimates (solid blue

lines) with associated 90 percent confidence intervals (blue shaded areas).

Figure 1: Waves of over- and under-reaction in SPF data
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Notes: The plots show 40-quarter rolling regression coefficient estimates of four-quarters-ahead ex-post forecast errors of US output
growth and US inflation on current realizations and current forecast revisions of the two variables. See the text for details on the
data construction. The blue shaded areas show 90 percent confidence bands based on HAC-robust standard errors computed using the
Newey-West estimator with bandwidth set equal to 5. The estimates are centered at the midpoint of the rolling regression window (e.g.,
1980 denotes the regression window 1975:1 to 1984:4).

The figure provides evidence of large waves of over- and under-reaction to current information.
As shown in panels (a) and (c), forecast errors for output growth are essentially unrelated to
current realizations from the 1970s to the early 1990s, positively associated during the 1990s,
and then negatively associated during the 2000s. In turn, forecast errors of output growth are
mostly positively associated with current forecast revisions, although there is a marked downward
swing from the late 1980s through the mid-1990s and the estimates are generally surrounded by

considerable uncertainty.



Panels (b) and (d) show even larger waves in the regression coefficients for inflation. During
the 1970s and then again from the 1990s to the mid-2000s, inflation forecast errors are predicted
to be significantly negatively related to current realizations but significantly positively related to
forecast revisions of inflation. In the 1980s as well as from the mid-2000s onward, inflation forecast
errors are less strongly related to the two predictors.

We view these waves of over- and under-reaction across rolling sample windows as an interesting
new stylized fact. On the one hand, some of the waves could be due to small sample uncertainty.
On the other hand, the magnitude of the waves seems too large to be solely explained by the
data.'? This presents a challenge for theories of forecast error predictability based on departures
from FIRE alone, as these theories imply constant over- or under-reaction to current information.
In what follows, we therefore explore the potential of an alternative explanation based on regime

shifts.!3

3 Predictable forecast errors in a univariate model

This section considers a univariate FIRE model, first without regime shifts and then with regime
shifts. While too simple from an empirical standpoint, the model has the advantage that the
relationship of forecast errors to current information can be derived analytically and has clear

intuition.

3.1 No regime shifts

Consider an endogenous variable of interest y; with the following FIRE solution

Y = QZy, (3)

12We formally explore this possibility in the next section. We also note that large waves of over- and under-
reaction are obtained with larger rolling windows (e.g., 60 quarters).

13We note that there are also large swings in the estimates of the regression constants 6 and & across rolling
sample windows. This indicates time variation in the average bias of forecasts. Furthermore, the estimates 4 and
§ can vary substantially depending on whether the regression includes additional variables (either other macro
aggregates or lagged values of the variable forecasted). While less relevant for our motivation of exploring the
implications of regime shifts, we show in the generalized framework in Section 5 how regime shifts in FIRE models
can also lead to non-zero biases that are time-varying across rolling sample windows and to coefficient instability
with respect to additional regressors.

10



where the exogenous variable z; evolves according to
Ty = Qry1 + &y, (4)

with ¢ € [0,1) and &; ~ i.i.d.(0, 0?)."*
Given (3) and (4), FIRE implies that for any horizon h > 1, agents’ forecasts of z;,, conditional

on information at time ¢ are

Eyn = ag’z, (5)
and ex-post forecast errors can be expressed as

h h
Yerh — Beyern = ad"zy + a Z " e —adtzy = a Z " Terr (6)

T=1 T=1

In the absence of regime shifts, ex-post forecast errors under FIRE are a linear combination of i.i.d.
innovations {5t+7}ﬁ:1 that are unpredictable based on current information; i.e., B [(yin — Eeyern) ve) =
alE [(Zﬁzl qﬁh_%tﬂ) yt] = 0. Intuitively, the portion of ex-post realization y,,, that is predeter-
mined as of ¢ (i.e., ag"z;) is exactly the same as the agent’s forecast based on information at ¢ and
thus, ex-post forecast errors are unpredictable. Similarly, forecast errors are equally unpredictable

based on news as captured by ex-ante forecast revisions about ;. from time ¢ — 1 to time ¢,

Ewyern — Ei1yipn = aﬁbh&:- (7)

As reviewed in Section 5, in the absence of regime shifts, the same result of unpredictable
forecast errors holds for any linear FIRE model. The result constitutes the starting point for the
above-discussed literature documenting that ex-post forecasting errors constructed from survey

data are in fact predictable, a finding that is typically taken as evidence against FIRE.

1 Consider, for example, the expectational difference equation y; = SE;y;11 + Y, with | 8 |< 1, ¢ > 0 and E,
denoting the rational expectations operator conditional on information at time ¢. Given the exogenous process in

(4), the FIRE solution for this equation is (3) with a = 1_¢5¢.

11



3.2 Markov regime shifts

Suppose instead that the FIRE solution in (3) switches between two regimes s; € {1,2}; i.e.,

Yt = Qg g, (8)

where

ay ifs; =1
s, = t (9)
ay if 854 =2

and that the regime switching is governed by an exogenous Markov process with transition matrix

p_ P11 P12 ’ (10)

D21 P22

where p;; = Pr(s; = j | s;-1 = 1) with 0 < p;; < 1 and Z?:ﬂ?z‘j = 1 for both ¢,5 = 1,2.1
Two regimes are sufficient for the purpose of this illustration, though the results easily generalize
to many regimes. Also, all results carry through if we allow for regime shifts in the persistence
parameter ¢ of the exogenous process for z;. In this section, we abstract from these generalizations
to keep the example as simple as possible.

Given (8)-(10), FIRE implies that for any horizon h > 1, agents’ forecasts of 4, conditional

on information at time ¢ (including regime realization s;) are given by

Eyrn = (Ps(ﬁal + PS(%@) ¢z, (11)

where Ps(th ?gt ., is the (s4, s¢41,) element of P". Hence, agents’ expectations are a weighted average
of regime-conditional forecasts: a;¢"x, if the first regime realizes in ¢ + h, which occurs with

a1 h
probability Ps(t&,
ph)

St,2°

and as¢"x, if the second regime realizes in t + h, which occurs with probability

Based on (11), we derive the following key result:

I5Returning to the example from the previous footnote, suppose the parameters {3,7} of the expectational
difference equation take on different values across the two regimes s, € {1,2}. Then under conditions described in
Davig and Leeper (2007), the FIRE solution takes the form in (9) with @ = [ay ag}/ = (I, — ¢BP)7! [¢1 1/12]/

and 3 = [501 ﬂOJ .
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PROPOSITION 1. Given the exogenous forcing process (4) and regime-switching model described by

(8)-(10), ex-post forecast errors under FIRE are related to current information by

Ytrn — Eeyern = 7§Z?€t+hyt + &tths (12)

(D @1—ag) (1P, ) o'

Gsy

(h) _
where Ys,.s, . =

h _ ‘ .
cand Sy = sy, Do @ Teir is uncorrelated with

Y. Furthermore, 'yéﬁ)mh =0 for any h > 1 if and only if a1 = as or ¢ = 0.

Proof. See Appendix A.1. O

Proposition 1 establishes that in the presence of Markov regime shifts, ex-post forecasting
errors are systematically predictable even though agents have full information and are fully ra-
tional. Intuitively, and in contrast to the case without regime shifts, the portion of y;,, that is
related to current information (as, +h¢h$t) differs from the agents’ forecast because, as described in
(11), agents’ expectations at time ¢ are a weighted average of regime-conditional forecasts. Fore-
cast errors, measured ez-post after regimes have realized, are therefore systematically related to
information x; available at the time of forecast.

Corollary 1 elaborates on the sign of v, ;1.

COROLLARY 1. Given the environment in Proposition 1,

sign(a; — as) if Spen =1
sign(yM, ) = " (13)

78t73t+h ) )
—sign(a; —ag)  if sp =2

Proof. See Appendix A.2. n

Without loss of generality, suppose from here on that a; > as; i.e. the first regime is the one
associated with a larger response to exogenous shocks. Hence, mgf )st +n > 0 whenever s, = 1.
Absent regime shifts, a positive value of véi)st ., would be interpreted as forecasters under-reacting
to current information, because of either incomplete information or departures from rationality.
According to Proposition 1 and Corollary 1, by contrast, this under-reaction occurs because fully
informed rational agents ex-ante put non-zero probability on the less responsive regime, thus
attenuating their forecast.

Similarly, we can derive the implications of regime shifts for the relationship between ex-post

forecast errors and news as captured by ex-ante forecast revisions E;y;ip — Ei_19ip-
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PROPOSITION 2. Given the same environment as in Proposition 1, ex-post forecast errors under

FIRE are related to ex-ante forecast revisions by

_ h h+1
Yern — Elern = 5§t2st+h (Eevern — Em1yen) + Agt_l,)smytfl + &trns (14)
-1 (h) : —1 (h (h+1)
h, 5(}7,) o (_1)3t+h ([11—(12) (1_P§t7‘9t+h> )\(h+1) o (—1)§t+h ((zl —CL2) (1_P5ta)st+h>PSt71: a d
WNETE Osy,s14), = Ps(th;)a y NSt—1,5t4+h — ¢ast,1Pg(thf11:)a , an €t+h

1s defined as in Proposition 1.

Proof. See Appendix A.3. m

Proposition 2 establishes that in the presence of Markov regime shifts, ex-post forecast errors
under FIRE are also systematically predictable by ex-ante forecast revisions as well as lagged
information. Moreover, note that for this simple univariate model, the sign of 5£f,)st . 1s the same
as the sign of 7§f lt ., given in Corollary 1. As we shall see in Section 5, this result does not

necessarily hold for richer FIRE models with regime shifts.

3.3 Implications for reduced-form forecast error regressions

Given Propositions 1 and 2, we now study the implications of regime shifts for the type of reduced-
form forecast error regressions reported in the literature. Consider first estimating a demeaned

version of regression (1),

Yirh — Filin = VY + €iqn, (15)

from sample {y;, yron — Fyyson}i, generated by the regime-switching model in (8)-(10).1° Under
the assumption that forecasters are fully informed rational expectations agents (i.e., F; = E;), the

expected ordinary least squares (OLS) estimate of 7 conditional on a given sequence of regime

o T+h .
realizations {s;},_]" is

h h)/. .
o 2?21 Z?:l azz%'(j )}—’} )(27])

E hﬂ {St}f:th} = ST 2 () + [sbr, (16)

where a; is defined as in (9); %(Jh ) describes the relationship between vy, — E;ys1, and gy con-

ditional on regime realizations s; = ¢ and s;;, = j as defined in Proposition 1; f:(rh)(i, j) =

16Using demeaned data is consistent with the FIRE solution of the data-generating process in (8). This type
of equation generally arises as the result of log-linearizing optimality conditions of dynamic stochastic problems,
which by definition refer to deviations from the mean. Section 5 considers the generalized framework that includes
regime shifts in constant terms.
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%ZtT_l 1(s; = 4,80 = j) is the sample frequency of these joint regime realizations occurring;
Fr(i) =+ I 1(s; = i) is the unconditional sample frequency of regime realizations s, = i; and
sbr denotes the expected finite sample bias due to the fact that the regressor y; is not strictl

g Y y
exogenous.'” Appendix A.4 provides details of the derivation.

Note that the sample frequency of joint regime realizations can be expressed as f}h) (1,7) =
(h) z(h) where = | S¢ = i|S4pn, = Jj) is the sample frequency of regime realization
i Fr ) T 2t +h =] y )

s; = 1 conditional on regime realization s;,;, = j. As also shown in Appendix A.4, we can therefore

rewrite the first part of (16) as

h
T+h ¢ (Cbl - az) h h h h
[VT| {8t} A } = ") D [al(l - f2(2)) (fn —pn ) —ay(1 - f1(1)) <f2(2) —pé2)>]>
ﬂ1(1_ o) +as(l— fiy )j\ —~ Z
i a(1. 15

(17)
where 45 denotes the fact that this is the bias-corrected OLS estimate. By assumption of a; > as,
the first part of this expression is positive. Hence, the sign of E [&ﬂ {st}fjlh} is determined by the
sign of g( fl(il), f2<§ )). This gives rise to the following proposition:

ProOPOSITION 3. Consider the same conditions as in Proposition 1 and assume without loss of

generality that a; > as. Then under the null hypothesis of FIRE,

1. for a finite sequence of {st}tT:lh characterized by conditional sample frequencies fl(?) and f22 ,

(h) 1Q (k)

1 —

[ |{3t}T+h] 20 f11 < 9(f22 ) i | ) aQ((L%Q (]f?)22 );
a1<1_f22 )+a2( p22)

2. for T = 00, g(f1V, fi5) = 0 and fsbr 0 = E 37| {s} 5| > B[] =0.
Proof. See Appendix A.4. n

The first part of the proposition establishes that in the presence of regime shifts, unpredictabil-
ity of forecast errors is a knife-edge case. Generally, regime realizations {st}tT:lh are such that
cither E [fyT| {st}TJrh] <0OorE ['Ay%\ {st}tT:lh] > 0; i.e. agents look like they over- or under-react to

current information ;. Intuitively, E [?ﬂ {st}tleh] is a weighted average of the four possible values

"By definition, we have E(yie;1n) = 0; but due to the autoregressive nature of the forcing process (4),
E(yirxetrn) # 0 for any k > 0. Hence, the OLS assumption for unbiasedness is violated in finite samples. A
similar bias is also present in the absence of regime switching. As discussed in Section 2, the empirical literature
often ignores this bias.
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of v;;, two of which are positive (71; and 72;) and two of which are negative (712 and 72) . The
weights and therefore the sign of E [%ﬁ\ {st}tT:lh] depend on the conditional sample frequencies
fl(?) and fég) of regime realizations {s,}, ;" relative to what agents expect (pg];) and pg;)) as well
as on the values of a; and as.

The second part of the proposition establishes that as T increases, the conditional sample
frequencies of regime realizations converge to their population counterparts and therefore agents’
expectations. Hence, periods of over- and under-reaction tend to cancel each other out such
that in the limit, ex-post forecast errors become unpredictable. Similarly, the finite sample bias
vanishes in the limit. The result makes clear that ex-post forecast error predictability remains a
finite sample phenomenon, thus providing a potential new explanation for the observation that in
survey expectation data, ex-post forecast error predictability often declines with longer time series
(see, e.g., Croushore, 1998).

To explore Proposition 3 further, we set the univariate model parameters to a; = 2, ay =
0.5, = 0.9 and consider two sets of transition probabilities: (a) p;; = pe = 0.7; and (b)
pi1 = 0.2, pes = 0.7. For each case, we compute E [&%] {st}f:ﬁh} for forecast horizon h = 1 across

conditional sample frequencies fl(il) and fg) Figure 2 visualizes the result.

Figure 2: Apparent over- and under-reaction in the presence of regime shifts

(a) p11 = paa = 0.7 (b) p11 = 0.2 and pas = 0.7
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Notes: The plots in the two panels show the sign of expected bias-corrected OLS coefficients of regression (15) across conditional regime
realizations f11 and f2h) for different regime transition probabilities p1; and p22. In each plot, the grey region shows combinations for

which E [7T| {se} ] > 0 and the white region shows combinations for which E |:’YT‘ {st}TJ’h} < 0. The two regions are separated by

the hyperbola ffl) =g(f; ( >) in Proposition 3.
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The knife-edge case for which E [&ﬂ {st};[:lh} = 0 is given by the hyperbola fl(?) =g( fég )) sepa-
rating the grey from the white region. In the grey region, fl(il) > g( 2(3)) and thus E [&ﬂ {st}tT;lh] >
0; while in the white region, f{ < g(f{) and thus E [’?T] {st}tT;lh} < 0. As the different contours
show, the magnitude of these deviations from zero can be substantial even for relatively small
differences of fl(?) from pg’?, respectively fég) from pg;).

Proposition 3 implies that, as fl(?) and fég) vary across samples, regime shifts can lead to
waves of over- and under-reaction. To illustrate this point, we simulate the univariate model for
500 periods, first without regime shifts and then with regime shifts.'® We then estimate (15) for
rolling window samples of T" = 40 periods and, for each of the samples, correct the OLS point
estimate for finite sample bias. To compute the coverage bands, we perform a blind bootstrapping
procedure in order to preserve the regime path pertaining to each rolling sample.*’

Figure 3 reports the results. As shown in panel (a), in the absence of regime shifts, the bias-
corrected OLS point estimates are almost never significantly different from zero. This confirms
that in the absence of regime shifts, ex-post predictability of forecast errors is a sufficient condition
to reject FIRE even in relatively small samples.

Panel (b) shows bias-corrected estimates for the data generated with regime shifts. There are
much larger and often significant swings across the rolling sample windows. This illustrates that

regime shifts can lead to waves of over- and under-reaction across rolling sample windows, and

thus, ex-post predictability of forecast errors is not a sufficient condition to reject FIRE.

18For the simulation without regime shifts, we set a = 1.25 and choose ¢ = 0.9, . = 1. For the simulation with
regime shifts, we keep the exogenous forcing process unchanged and set a1 = 2, as = 0.5 with Markov transition

probabilities p1; = poe = 0.7. Similar results would obtain for other parameterizations.
9To correct for finite sample bias, we simulate ¢ = 1,...,10,000 new samples of 500 periods, preserving the
original sequence of regime realizations for each of the samples. For each 40-period rolling window, we then
t+39(?¥3—*Qi;f,+39)(53—+1*§Z+1;f,+40)

compute the model-implied finite sample bias fsbi, = =r=tr_¢ = 5
L0000 Y (Yrn—Tt:t439,n)

i, and subtract the average bias fsbr = > .=} fsbi/10,000 from the OLS estimate. Using the bias-corrected
OLS point estimates, we compute the fitted values of the regression in (15) as well as the standard deviation of the
regression error terms for each rolling sample of simulated data. From a normal distribution with that standard
deviation and mean 0, we generate N = 1000 i.d.d. innovations, and add those disturbances to the fitted values
to generate 1000 new datasets of the dependent variable. Preserving the regressor, we re-estimate (15) and bias-
correct the point estimates for finite sample bias using the model-implied bias averaged across the 1000 simulations.
Finally, for each rolling sample we isolate the bottom and top 5 percent bias-free estimates to compute the 90
percent coverage bands.

across the different samples
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Figure 3: Waves of over- and under-reaction in simulated data
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Notes: Panel (a) shows average bias-corrected OLS coeflicient estimates and 90% coverage bands of regression (15) for rolling windows
of 40 periods with data generated from the univariate model under FIRE without regime shifts. Panel (b) shows results for the same
rolling window regressions, but with data generated from the univariate model under FIRE with regime shifts.

Proposition 3 also raises the question of what sample size T is large enough for ex-post forecast
error predictability to vanish. To provide an answer, we simulate the univariate model 10,000
times for different sample sizes, each time with a different sequence of regime realization drawn
from transition matrix P. For each sample size T, we then average the absolute values of the
bias-corrected OLS estimates 47 across simulations.

As shown in Figure 4, deviations from the asymptotic value of v = 0 are on average small for the
no-regime shift case, even in small samples, and 47 converges quickly to 0. For the case of regime
shifts, in contrast, deviations from the asymptotic value of v = 0 are an order of magnitude larger
and die out at a lower rate as T' becomes large. Hence, at least in the context of the univariate
model, the typical sample size for which we have expectations data of macroeconomic aggregates
(100 to 200 quarters) is unlikely to be large enough for reduced-form forecast error regressions to

be characterized by asymptotic properties.
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Figure 4: Average predictability of ex-post forecast errors by sample size
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Notes: Panel (a) shows average absolute values of bias-corrected OLS estimates 47 for different sample sizes T with data generated
from the univariate model under FIRE without regime shifts. Panel (b) shows results for the same regressions, but with data generated
from the univariate model under FIRE with regime shifts.

Finally, consider estimating a demeaned version of regression (2),

Yerh — Feypyn =0 (Ftyt+h - Ft—lyt-i-h) + €rih. (18>

Different from regression (15), there is no equivalent closed-form solution that allows one to express
the expected coefficient estimate E [ST\ {st}tT:lh] as a weighted average of the four values of 5f]h )
describing the relationship between forecast errors y;., — E;y:4p and forecast revisions E;y;p —
E;_1y:+n conditional on regime realizations s; = ¢ and s;.;, = j. This is because, according to
Proposition 2, forecast errors are a function of not only forecast revisions but also lagged outcomes
Y1, and because forecast revisions by themselves do not span the information set that agents use

to forecast y,45.2° Hence, the coefficient estimate of § is subject to omitted variable bias. As we

20To see this second point, note that by (11), Esysip — B¢ 1945 is a function of the difference between z; and
x;—1. Hence, information of E;y; 1, — E;_1y;1 5 alone does not allow the econometrician to predict forecast errors.
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show in Section 5, this issue of omitted variable bias is pervasive for more general FIRE models
with regime shifts, and applies not only to forecast error regressions on forecast revisions as in (15)
but also on forecast error regressions on current realizations as in (18).

Summing up, the analysis of this section yields two important insights. First, in the presence
of regime shifts, forecast error predictability is not a sufficient condition to reject FIRE. Second,
in the presence of regime shifts, the coefficient estimates of the type of forecast error regressions
used in the literature are complicated functions of the sample sequence of regime realizations that
are generally unobserved by the econometrician. This implies that forecast error regressions by
themselves are not informative about alternative theories of expectations formation. While we
derive this result for the case of FIRE, the same result would obtain under the assumption of
imperfect information or departures from rationality as long as expectations are at least partly
forward-looking. We view this as an important point since the recent empirical literature has
used these regressions to argue in favor of or against specific forms of information frictions and
departures from rationality (e.g., Coibion and Gorodnichenko, 2015; Angeletos, Huo, and Sastry,
2020; or Kohlhas and Walther, 2021).

4 A regime-shift robust test of FIRE

The above results imply that in the presence of regime shifts, standard statistical tests of FIRE
based on reduced-form regressions are misspecified, both because the null of unpredictability of
forecast errors is violated in finite samples, and because the usual standard errors do not take
into account the uncertainty implied by regime shifts. Here, we propose a new regime-shift robust
test that — given an underlying data-generating process (DGP) — allows one to assess the FIRE
hypothesis with the type of reduced-form regressions used in the literature. The test is similar in
spirit to simulation-based tests of RE models with imperfect information by Andolfatto, Hendry,
and Moran (2008) or Adam, Marcet, and Beutel (2017). Different from these tests, however, our
test is applied to FIRE models with regime shifts and takes into account not only finite sample
uncertainty but also uncertainty about the DGP and uncertainty about the regime path. Here,
we illustrate the test with the simple univariate model from the previous section. In Section 6, we
then apply the test to the empirically more relevant case of a medium-scale DSGE model.

Consider the univariate FIRE model with regime shifts given by (4) and (8)-(10), with uncer-
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tainty about this DGP characterized by the posterior parameter distribution P(0|Z) estimated
based on data Z.2! To simulate the finite sample distribution of the reduced-form regression esti-
mates 97 and o7 under this null, we proceed in three steps: (i) draw n = 1, ..., N parameter vectors

T+h

O™ from P(O|Z); (ii) for each ©", simulate £ = 1,..., K samples of observations {yfk} and
t=1

{Eﬂtyt" J’fh}tT_l from the DGP defined by ©"; and (iii) estimate 42" and 627" for each of these sam-
ples. The ;esulting distributions can then be used to compute the probability that the simulated
%ﬁk , respectively Sgﬁk , are larger in absolute value than the 4, respectively o7, estimated from
observed data. This provides a p — value for a t-test of the null of FIRE.

Several comments are in order about this procedure. First, by simulating artificial samples
based on different parameter draws of P(6©|Z), the procedure incorporates uncertainty about the
DGP. Second, the simulation of artificial samples in step (ii) is non-standard because of the need
to incorporate the uncertainty about the sequence of realized regimes. We do so by drawing regime

T+h .
realizations {S?k} for each sample k from the smoothed probabilities Pr(s; | Z7;©™) implied

by the DGP and tt}; data Z7 over the sample period ¢t = 1,...T" used to estimate the reduced-
form regressions.?? Third, the procedure naturally provides us with the finite sample distribution
of regression coefficients 47 and or. Hence, we do not need to bias-correct the estimates (e.g.,
through bootstrapping), and we can conduct inference without assuming normality.

To implement the procedure, we estimate P(©|Z) with standard Bayesian techniques using
data for US output growth from 1969:3 to 2020:1. The posterior modes of the different parameters
are: ¢ = 0.87, 0 = 0.29, a1 = 5.27, ay = 1.77, p1; = 0.98, and pys = 0.98; i.e., the estimation
attributes very strong persistence to both regimes.?® Conditional on this DGP, we then compute

the test over the sample 1970:2-2019:1 used in Section 2 to estimate the forecast error regressions,

with forecast horizon set to h = 4.

21For the univariate FIRE model with regime shifts, © = [¢, 7, a1, a2, p11, p2a)’. Given that under the null, there
exists an invariant DGP, the data Z used to estimate P(©|Z) may cover a larger period than the sample Y used
to estimate 47 and 7. These data may also include different variables than the ones used to estimate 47 and or.

22 Alternatively, for each parameter draw ©™ and simulation run k, one could draw unconditional regime realiza-
tions using the Markov transition matrix associated with ©™. However, this approach would not take into account
that the test we want to implement is conditional on a sequence of regime realizations associated with the sample
period t =1,..T.

23The estimation can be implemented either by treating ; as unobserved or by measuring x; with an observable.
Since we do not want to impose additional assumptions on the nature of x;, we treat it as unobserved and use the
Kalman and Hamilton filters as described in Kim and Nelson (1999) for estimation. See Appendix B for details.
Note that the data strongly prefer the univariate model with regime shifts over the alternative without regime shifts.
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Figure 5: Regime-shift robust test of FIRE for the case of output growth
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Notes: Panel (a) shows the sample distributions of the OLS estimate of forecast error regression (1) for the case of output growth
under the usual empirical null of E [§7] = 0 and HAC-robust standard errors (dashed black lines) and under the null that the data were
generated by the univariate FIRE model with regime shifts (red shaded area). Panel (b) shows the corresponding distributions of the
OLS estimate of forecast error regression (2). The sample for both panels (a) and (b) is 1970:2-2019:1.

Figure 5 visualizes the results. The solid black lines show the OLS point estimates 47 = —0.105,
respectively 7 = 0.717 from Table 1, and the dashed black lines show the HAC-robust distributions
of these estimates under the standard null of Hy : v = 0 and Hy : 6 = 0. The red shaded areas
show the simulated distributions of 47 and o under the null that the data were generated by the
estimated univariate FIRE model with regime shifts. These distributions are shifted to the left of
the empirical distributions with E [§7] < 0 and E [ST} < 0 both because of negative finite sample
bias and because E [ﬁﬂ {st}z’;h} < 0 on average across the simulated sequences of {st}t:[:lh.M This

is not a general result, however. As discussed above and elaborated upon further in the next

24There are two reasons why E ['Ay%| {st}tT:Jrlh} < 0 on average in the present case. First, the conditional sample

frequencies fl(}f) and fz(};) implied by the simulated sequences of {st}tT:lh are on average smaller than the esti-

mated transition probabilities pg’{) and pég) that agents use according to the model to form expectations. Second,

E ['Ay%| {st}tT:Jrlh} is a non-linear function of fl(f), 2(3 ), pi’i) and pég). Hence, even if fl(f) equaled pgfll) and fég ) equaled
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section, E [§7] and E [ST] can differ in sign due to omitted variable bias, depending on the DGP
and the distribution of regime sequences {st}fjlh across simulations.

As shown in panel (a), the OLS estimate of 47 is in the left tail of the standard distribution
associated with Hy : v = 0, implying a p-value of 0.11 in a two-sided t-test (twice the area under
the dashed distribution to the left of 47). According to the usual assumption of unpredictable
forecast errors (and ignoring finite sample bias), a researcher would therefore reject the null of
FIRE at a significance level of 11 percent.

Based on the regime-shift robust test with the univariate FIRE model, in contrast, the estimate
of 4r implies a p-value of 0.45 (the area under the shaded distribution to the left of 47 plus the
corresponding area to the right of 2 (E [§r] — 47). Hence, a researcher would not be able to reject
the null of FIRE at a reasonable significance level. There are two reasons for this difference. First,
the distribution is shifted to the left of the standard null; second, the distribution is wider than
what is implied by HAC-robust standard errors.

Turning to panel (b), the OLS estimate of o7 is in the far right tail of not only the standard
HAC-robust distribution associated with Hy : 6 = 0 but also the distribution implied by the
estimated univariate FIRE model with regime shifts. Hence, the p-value associated with both the
empirical distribution and the simulated distribution is essentially 0 under either null. Based on
the regression of forecast errors on forecast revisions, a researcher would therefore reject FIRE
with a high degree of confidence.

It is important to emphasize, however, that this rejection is conditional on the particular uni-
variate DGP, estimated using US output growth data for 1969:4-2020:1, i.e., a sample that is
essentially the same as the sample over which we simulate data for the reduced-form regressions.
As a result, the simulated conditional frequencies fl(?) and fég) are on average close to the p(ﬁ)
and pg;) that agents use to form expectations, implying that regime switching imparts relatively
little departure of E [J7| and E [54 from zero. Moreover, as documented extensively in the liter-
ature (e.g., Stock and Watson, 2002), US output growth during the period experienced essentially
two phases: a high-volatility phase that lasted up to the early 1980s and a low-volatility phase,
commonly known as the Great Moderation, that extended from the early 1980s up to the 2008-09

financial crisis. As a result, the two regimes are not only estimated to be very persistent, as evi-

pgg) on average, E [’yﬂ {st}tT:lh} would on average not equal zero. Appendix B provides further analysis of this

result.
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denced by the posterior modes p;; = 0.98, and pgs = 0.98, but there is also very little uncertainty
T+h
surrounding these estimates (see Appendix B). The sequences of realized regimes {s?k} im-

plied by Pr(s, | Zr;©") are therefore close to invariant across simulations, and the distritl;lltions
of fl(lf) and fég) are narrow. Hence, regime switching in this particular application also imparts
relatively little uncertainty about 4, and o7 under the null.

Yet, as suggested by the US experience since the 2008-09 financial crisis as well as the experience
of other countries, it is conceivable that these estimates of the regime-switching process may not
be reflective of the true regime-switching process and therefore agents’ expectations under FIRE.
An econometrician may therefore want to consider a wider distribution of p;; and pyy that is, in
addition, centered at lower values. When doing so, we find that it is relatively easy to end up
with a distribution for 47 and o7 under the null that is both substantially wider and shifted to
the right so that it is no longer possible to reject the hypothesis of FIRE for either of the two

regressions. We return to this point in Section 6 when we implement the proposed test of FIRE

with an estimated medium-scale DSGE model.

5 Generalized framework

In this section, we show that ex-post predictability of forecast errors is a generic feature of any
regime-shift FIRE model with a minimum state variable (MSV) solution. We also show that
forecast errors can no longer be represented by a univariate equation. Instead, the complexity
of the forecast error representation increases with that of the underlying DGP, which has several

important implications.

5.1 Environment

The MSV solution to any FIRE model with regime shifts can be expressed as
Xt = CSz + AStXt—l + BStEt (19)

where X, is an n, x 1 vector of model variables; ¢, is an n, x 1 vector of innovations with E(e;€}) = X,
with ¥, being a diagonal matrix and E(ee€;,),) = 0p, xn. for any h # 0; and C;,, A,,, and B,

are conformable matrices that can take on s; € {1,2} different values capturing two possible
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regime realizations in period ¢ that are governed by a Markov transition matrix P. Note that this
formulation allows for regime shifts not only in the dynamics of the different variables but also in

the variables’ trends (e.g., a shift in the inflation target; output growth trend, etc.). An n, x 1

vector of observables Y; is then mapped to the vector of model variables as follows?”

Y, =Vy+ U1 X, (20)

Proposition 4 provides an expression for the FIRE forecast of X;,, for any forecast horizon A > 0.

PROPOSITION 4. Given the MSV solution of the model in (19), the rational expectations forecast
of Xiin conditional on the full information set available at time t, including the path of regime

realization up to pertod t, is given by

E:Xepn = Myin + Qt,t—i—hXta (21)

where matrices Myiyn and Qv depend on the regime realized in period t, the transition matriz

P, the forecast horizon h > 0, as well as matrices As,, Bs,, and Cs,.
Proof. See Appendix A.6. O]
Combining this expression for the FIRE forecast of X, ., with the measurement equation in

(20) then yields the FIRE forecast of the observables’ vector,

EYiin = Wo+ Wi My + V1Qr 140 Xe (22)

5.2 Relationship of forecast errors with current information

Proposition 5 describes ex-post forecast errors about Y;., as a function of the vector of current
realizations of the endogenous variables of the model, X;, as well as a function of ex-ante forecast

error revisions of the vector of the endogenous variables of the model, E, X, — E; 1 X, 5.

25 Adding a vector of measurement errors in (20) would not change any of the results that follow.
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PROPOSITION 5. Given state-space representation (19)-(20) and regime sequence {s¢, St41, -y St+n },

ex-post forecast errors under FIRFE for any forecasting horizon h > 1 can be expressed as

Yieh —EYiin = Ouein+ Tigpn Xoe+&n (23)
S—~— SN—~—
bias predictability

and

Yieh — EYion = Quen+ Diirn (EeXepn —EeoaXoin) + Morpon X1 + Epn, (24)
——

—— ——
bias predictability predictability

where O in, Qrin, Liirn, and Ny 1y, depend on the ex-post realized regime path {s;_1, St, St+1, -, St+n ),

the transition matriz P, forecasting horizon h, as well as matrices As,, Bs,, and Cs,, while the error

term &4y, is uncorrelated with Xy, (B4 Xyop — By 1 Xy1p), or Xy_1.
Proof. See Appendix A.6. m

Proposition 5 has three important implications. First, it confirms that forecast error bias and
ex-post predictability (with respect to current information or ex-ante forecast revisions) are generic
features of any FIRE model with regime shifts.

Second, comparison of Proposition 5 with Propositions 1 and 2 makes clear that the relationship
of forecast errors with current information in the generalized framework differs in two key aspects
from the univariate example: (i) ex-post forecast errors in the generalized framework depend on
the entire vector X; of available information at the time of forecast and not just on the realization
of the variable that is being forecasted; and (ii) matrices I'; 415 and Ay 44y linking ex-post forecast
errors to current information X; and ex-ante forecast revisions E; X;,, — E;_1 X;,,, are contingent
on the entire sequence of regime realizations between periods ¢t and t + h, {s;, S¢11, ..., Stan}, and
not only on the regimes realized in periods ¢ and ¢ + h.

Third and as alluded to previously in Section 3, Proposition 5 implies that the reduced-form
forecast error regressions considered in the literature will generally be subject to omitted variable

bias. Specifically, consider forecast error regressions (1) and (2) for the " variable in Y; i.e.
Yitrn — EYipen =0+ 7Y + €4 (25)

Yitrh — FiYispn = w + 0(FYn — FioaYiitn) + €t (26)
Since I'y 4, and A4y, are generally non-diagonal matrices, Y, and FiY 1, — Fi1Y; 445 will not

26



span all the information in X;, respectively in E; X, — E; 1 X;y, and X, 4, that fully informed
rational agents use to forecast Y ,;15. Consequently, Y;; and FiY; 1 p — Fy—1Yi 15 Will be correlated
with ey, resulting in omitted variable bias.

This last result provides a potential explanation for the instability of estimates of v and & when
additional regressors are added, as documented in the literature. Moreover, since A iyp, # 'y iin,
the expected signs of the estimates of v and 0 may differ from each other. In other words, a
sufficiently rich FIRE model with regime shifts may, depending on the sequence of regime real-
izations, generate simultaneously negative OLS estimates of v and positive OLS estimates of 9,
as, for example, Coibion and Gorodnichenko (2015), Bordalo et al. (2020), Angeletos, Huo, and
Sastry (2020), and Kohlhas and Walther (2021) have found.

Corollary 2 further explores the consequences of regime shifts for three special cases.
COROLLARY 2. Proposition 5 nests the following special cases:

1. Suppose that there are regime shifts only in the vector of constants; i.e., Cy # Cy, but A} = Ay
and By = By. Then, Ft,t—i—h = At,t—i—h = At—l,t—l—h = Onyxnx and @t,t+h = Qt,t+h 7’é Ony><1-

2. Now, suppose there are regime shifts only in the relationship between endogenous variables
and innovations; i.e., C; = Cy and Ay = Ay, but By # By. Then, Uiy, = Dpygpn =

At—l,t—i—h = OnanI and @t,t+h = Qt,t+h = Onyxl-

3. Finally, suppose there are no regime shifts; i.e., Cy = Cy, A1 = As and By = Bs. Then,

Ft,t+h = At,tJrh = Atfl,tJrh = Onan, and @t,t+h = Ony><1-
Proof. See Appendix A.7. H

If only the vector of constants is subject to regime shifts, then ex-post forecast errors under
FIRE will be biased but not systematically related to current information X; or to ex-ante fore-
cast revisions E; X, — E; 1 X;,p. If regimes apply only to the relationship between the model’s
endogenous variables and innovations, then forecast errors under FIRE will not exhibit any ex-
post predictability.?® Finally, absent regime shifts, forecast errors under FIRE are not predictable

regardless of the complexity of the underlying DGP.

260ne can easily show that this result applies if, for instance, one considered Markov regime shifts in the variance
of innovations only.
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6 Application with a medium-scale DSGE-RS model

We finish by assessing the extent to which a Dynamics Stochastic General Equilibrium model with
regime shifts (DSGE-RS) that imposes FIRE and fits macroeconomic dynamics reasonably well
is quantitatively consistent with the reduced-form evidence on the predictability of forecast errors
discussed in Section 2. The model we consider is a medium-scale New Keynesian model along the
lines of Christiano, Eichenbaum, and Evans (2005), Smets and Wouters (2007), and Justiniano,
Primiceri, and Tambalotti (2011) augmented with Markov regime shifts in the monetary policy
interest rate rule as in Bianchi (2013).2” We estimate the model with US macroeconomic aggregates
using Bayesian likelihood-based techniques and then perform the regime-shift robust test of FIRE

proposed in Section 4.

6.1 Model

The economy is populated by a representative household, labor unions, intermediate firms, a final
goods producer, and a monetary policy authority. Households maximize a non-separable utility
function in goods consumption and labor effort, subject to external habit. Households can save via
one-period nominal bonds or investment in physical capital subject to convex adjustment costs.
Capital is rented to intermediate firms on a period-by-period basis at a rate that reflects a convex
cost of time-varying capital utilization. Household members provide labor to unions that transform
labor services into differentiated types and supply them to firms at nominal wages that are subject
to Calvo-type infrequent reoptimization. Intermediate firms, in turn, produce differentiated goods
with labor and capital and supply the goods to final producers at nominal prices that are subject
to Calvo-type infrequent reoptimization. Non-reoptimized nominal wages and prices are partially
indexed to lagged inflation. The monetary authority, finally, sets interest rates as a function of
lagged interest rates, output growth, inflation, and an exogenous shock. Aside from this monetary
policy shock, the economy is also subject to exogenous shocks to the household discount factor,
government spending, total factor productivity, investment-specific technology, as well as wage and

price markups.

2TBianchi (2013) also allows for regime shifts in the volatility of exogenous shocks. Since regime shifts in
monetary policy are found to be more important to account for post-WW2 macroeconomic dynamics, we abstract
from regime shifts in the volatility of exogenous shocks, although such an extension as well as other regime shifts
could in principle be incorporated. See the end of the section for further discussion.
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To save on space, we refer the reader to Smets and Wouters (2007) for details and provide a
list of log-linearized equilibrium equations in Appendix C.1. The only main difference from the
Smets-Wouters model is that we allow the interest rate rule of monetary policy to shift between
two regimes; i.e.,

R, = ¢75"th71 +(1- Zt) (¢3AtyAyt + ¢§t7rt) + v, (27)

where R; denotes the nominal short-term interest rate; Ay, is real output growth; 7, is inflation

(all in deviations from their long-run average values); and v; is the exogenous monetary policy
: A

shock. The response coefficients ¢ , ¢5¥ and ¢f, follow an exogenous two-state Markov process

s¢ € {1,2} with transition matrix

P11 D12

P = ) (28)

P21 D22

where, as in Section 3, p;; = Pr(s; = j | s4=1 = i) with 0 < p;; < 1 and Z?leij = 1 for both
ij=1,2.

6.2 Model solution and estimation

We solve the model under FIRE and estimate the parameters, including the Markov transition
probabilities, with Bayesian likelihood-based techniques using quarterly US data for output growth,
consumption growth, investment growth, real wage growth, labor hours, inflation, and the federal
funds rate from 1964:3 to 2020:1.2® Priors for the different model parameters are set similar to
those in Smets and Wouters (2007), while priors for the monetary policy and regime transition
parameters are similar to those in Bianchi (2013).%

Table 2 reports the estimated posterior distribution characteristics for the monetary policy
parameters in each of the two regimes as well as the regime transition probabilities. Table 5 and

Figure 8 in Appendix C.2 provide information on the prior and posterior distributions for all other

28In principle, we could also use SPF or other forecast data to estimate the model. This would require us to either
drop some of the macro aggregates used in the estimation or add more shocks so as to avoid stochastic singularity.
More fundamentally, we refrain using forecast data in the estimation because we want to assess whether the estimated
model, conditional on observed macro aggregates, implies expectations consistent with average forecasts in the data.

29We use the RISE Matlab toolbox developed by Maih (2015) to solve and estimate the model. In the case of
constant and exogenous transition probabilities, the RISE solution algorithm is similar to Farmer, Waggoner, and
Zha (2011), with the difference that RISE relies on perturbation methods to find the model solution. The estimated
posterior distribution is based on the Metropolis-Hastings algorithm with a single chain of 500,000 draws, after
discarding 100,000 initial draws. The acceptance rate is about 35 percent; and the posterior distributions of all the
estimated parameters are generally well-behaved. See Appendix C.2 for details.
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parameters.

Table 2: Posterior distribution estimates of monetary policy rule

ol o] ﬁ Q%J P1 P1 P11 D22

mean 2.63 0.77 0.40 0.62 0.64 0.07 0.85 0.71
mode 2.44 0.81 0.42 044 0.61 0.06 0.89 0.60
5% 2.28 0.58 0.20 042 0.57 0.02 0.92 0.89

95% 3.00 0.83 0.58 0.88 0.75 0.14 0.75 0.58

Notes: The table reports the mean, mode, as well as the 5th and 95th percentiles of the posterior distribution of the monetary policy
rule parameters in (27) and the Markov transition probabilities in (28), based on 500,000 draws from the Metropolis-Hastings algorithm.

Consistent with Bianchi (2013), we find that one monetary policy regime is more active (regime
1) in the sense that the central bank is estimated to respond aggressively to inflation, whereas the
other regime is significantly more passive (regime 2). The response of monetary policy to output
growth in both regimes is similar, whereas the persistence of nominal interest rates is significantly
higher in the more aggressive regime. The aggressive regime is estimated to be highly persistent,
whereas the passive regime is estimated to be somewhat less persistent.

Figure 6 shows the smoothed regime probabilities for the more aggressive regime as implied
by the posterior mode and the data. In line with the common narrative of US monetary history
and the results in Bianchi (2013), the estimates imply that monetary policy was primarily in the
passive regime (regime 2) during the 1970s and then turned active (regime 1) in the early 1980s
during the Volcker years. Active monetary policy continued from the 1980s through the end of the
sample, although the probability of a passive regime increased briefly during the 2008-09 financial

Crisis.

6.3 Regime-shift robust test of FIRE

We use the estimated DSGE-RS model to simulate the regime-shift robust test of FIRE as described
in Section 4. Specifically, we take the estimated DSGE-RS model as the DGP and draw n =
1,...,1000 parameter vectors ©" from the estimated posterior distribution P(6|Z). Then for each
o and {Ety;ﬁ}T conditional on

t=1 t=1
realized regimes {sé}?jlh drawn from smoothed probabilities Pr(s, | ©", Z7), and estimate 41°*

O", we simulate k = 1, ..., 200 samples of observations {yfk}

and 3;’“ for each of these samples. The resulting distributions of simulated 4,7* and S;k are used
to compute p-values for the null that the empirical estimates 47 and o were generated by the

DSGE-RS model under FIRE. As mentioned earlier, the simulation naturally provides us with the
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Figure 6: Probabilities of the aggressive monetary policy regime
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Notes: The figure plots the evolution of the smoothed regime probability for the aggressive monetary regime from 1969:3 through
2020:1, evaluated for parameters set at their estimated posterior mode computed.

finite sample distribution of the regression coefficients. Hence, we do not need to bias-correct the
tests.

Table 3 reports the empirical estimates 4 and o7 for both the full sample (1970:2-2019:1) and
the post-1970s subsample (1983:1-2019:1) from Section 2 together with the corresponding means
and standard deviations of the distribution of 42" and §5:* simulated from the DSGE-RS model
under FIRE, as well as the p-values of the null that the empirical estimates were generated from
this process. For both samples, the means of the simulated coefficient estimates E[45-/F] and
E[65TRE] are close to zero. This is because, similar to the univariate example in Section 4, the
effect of regime shifts is relatively small on average for both the full sample and the post-1970s
subsample. Nevertheless, for the forecast error regressions on current realizations shown in Panel
A, the distributions of simulated '};’k are sufficiently large so that the null of FIRE cannot be
rejected at reasonable confidence levels for either output growth or inflation. For the forecast error
regressions on forecast revisions in Panel B, by contrast, the empirical estimates are generally larger

and yield p-values of essentially zero for all but inflation for the post-1970s subsample. Hence,

based on these regression estimates, the regime-shift robust test strongly rejects the null of FIRE.
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Table 3: Regime-robust FIRE test for US inflation and output growth

Panel A: yiq — Fyypa = 0+ vy, + €144

Full sample 1970:2-2019:1 Subsample 1983:1-2019:1
v EREME] gueme p(FIRE)  Ar  ERE™E] ome  p(FIRE)
Output growth —0.105 —0.007  0.107 0.359 —-0.049 —0.015>  0.123 0.778
Inflation 0.049 —0.031  0.093 0.404 —0.169 —0.054  0.110 0.290

Panel B: yi14 — Fyypia = w4 S(Fyyrea — Fro1Yisa) + €144

Full sample 1970:2-2019:1 Subsample 1983:1-2019:1
ST E[SglRE] O—S’JI«:IRE p(FIRE) gT E[S?IRE] O—SIE‘IRE p(F[RE)
Output growth  0.717 —-0.022  0.211 0.001 0.507 —0.022  0.130 0.000
Inflation 1.010 —0.017  0.244 0.000 0.111 —0.046  0.145 0.278

Notes: The table reports empirical coefficient estimates of forecast error regressions based on SPF data, the corresponding means and
standard deviations of the distribution of coefficient estimates based on simulated data from the DSGE-RS model under FIRE, and the
p-value of the null that the empirical coefficient estimates were generated by the DSGE-RS model under FIRE. See the text for details
on the simulation process and the construction of the test.

At the same time, as highlighted in Section 2 and illustrated by the results for inflation in
Panel B, the empirical coefficient estimates and with them the outcomes of the test of FIRE can
vary importantly over the sample under consideration. To investigate this further and to assess

the extent to which our estimated DSGE-RS model generates waves of over-and under-reaction,

we consider rolling window regressions.

6.4 Waves of over- and under-reaction

For each 40-quarter window from 1970:2 to 2019:1, we compute the 90 percent coverage bands
of simulated coefficient estimates from the DSGE-RS model under FIRE as well as the model-
implied mean simulated coefficient estimates conditional on observed data.*® We then compare

the empirical rolling window estimates from Figure 1 with these model-implied mean estimates

30To be more specific, the coverage bands are computed by simulating model-implied data X' * and forecasts
E; {Xt" +’Z] for each posterior parameter vector ©” by drawing k = 1,...200 samples of innovations ¢; and states sy
from smoothed probabilities ]57“(3,5 | ©™, Z1). The coefficient estimates conditional on observed data, by contrast,
are obtained by simulating Xt”’k and E,; {Xt”_irﬂ from smoothed estimates Xt|st; 0", Zp and drawing k = 1,...200

samples of states s; from smoothed probabilities ]57‘(3,5 | ©™, Z7). These conditional values should be interpreted as
resulting from a particular draw of innovations €; that represents the best model-implied estimate given the sample
period under consideration.
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and use the coverage bands to assess whether the null of FIRE can be rejected at a reasonable
significance level.

Figure 7 reports the results. As shown by the empirical estimates (blue lines) and as already
discussed in Section 2, there are large waves of over- and under-predication in the data. For the
majority of rolling windows, however, these waves are contained by the 90 percent coverage bands
implied by the DSGE-RS model. This is not an artifact of the 40-quarter window length. Even
for rolling windows of 60 quarters (15 years), the empirical estimates would be mostly within the
coverage bands. Hence, it is generally not possible to reject the null of FIRE at high significance
levels.?!

The model-implied mean estimates (red lines), in turn, display substantial variation across the
rolling windows, indicating that the DSGE-RS model is capable of generating waves of over- and
under-reaction to current information. At the same time, while these waves comove with the waves
implied by the empirical estimates for some of the rolling windows, they are overall quite different
and on average of smaller magnitude. Hence, the DSGE-RS we use as the DGP to test FIRE fails
to account for the dynamics of output growth and inflation forecasts observed in the SPF data.

Also note that the model-implied coverage bands barely move and, likewise, E[4~/7E] and
E[65TRE] (not shown) deviate little from zero across the rolling windows. This means that the
simulated regression coefficients implied by the model are, on average, not sensitive to variations
in the sequence of realized regimes (i.e., the fl(f) and f§§’ across the rolling window samples)
relative to agents’ expectations (i.e., the pg}{) and pgg) implied by the model’s Markov transition

matrix P).

31Figure 10 in Appendix C.4 reports the p-values of the FIRE test for each of the rolling window estimates.
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Figure 7: Regime-shift robust FIRE test across subsamples
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Notes: The figure shows 40-quarter rolling regression estimates of 4¢ and & in (1) and (2) based on SPF data (solid blue line) and
based on data simulated from the DSGE-RS model (dash-dotted red line). The areas shaded in red show the 90 percent coverage bands
of the coefficient estimates implied by the DSGE-RS model. See the main text for details. The estimates are centered at the midpoint
of the rolling regression window (e.g., 1980 denotes the regression window 1975:1 to 1984:4).

6.5 Taking stock

The application with the medium-scale DSGE-RS model yields two main lessons. First, our regime-
shift robust test fails to decisively reject FIRE. Second, while the model generates sizable waves
of over- and under-reaction of expectations to current information, regime shifts in monetary
policy play only a small role for these waves, and the waves are generally quite different from
the empirical estimates. We do not see this as a negative result about the potential of regime
shifts to account for the large and time-varying waves in forecast error predictability. Indeed, it
is worth remembering that the simulations are conditional on the particular DSGE-RS model,
and that for other DGPs (including the univariate model used in Sections 3 and 4), the effect
of variations in regime realizations can be substantially larger. Instead, we consider the waves
in forecast error predictability as a challenge for this specific type of DSGE-RS model, which is

generally considered a benchmark for modern business cycle analysis and monetary policy. This
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provides a new empirical motivation to assess the extent to which alternative DGPs with other
types of regime shifts (e.g., in trend growth as in Foerster and Matthes, 2022 or trend inflation) as
well as various information frictions or departures from full rationality are capable of generating

the expectations dynamics observed in the data.

7 Conclusion

The present paper shows that regime shifts in FIRE models lead to predictable, regime-dependent
ex-post forecast errors. In general, in the presence of regime shifts, forecast errors become a com-
plicated function of the current state of the economy and the sequence of realized regimes over the
entire forecast horizon. This implies that reduced-form forecast error regressions by themselves are
not informative about alternative theories of expectations formation. Furthermore, regime shifts
imply that expectations exhibit waves of over- and under-reaction to current information in rolling
sample windows. Using survey-based forecast data of inflation and output growth constructed
from the SPF, we confirm the existence of such waves.

Based on these insights, we propose a regime-shift robust test of FIRE and apply it to an
estimated medium-scale DSGE model with regime shifts in the monetary policy interest rate rule.
Conditional on this DGP, we fail to decisively reject that the observed waves of over- and under-
reaction present in the SPF data were generated under FIRE. This should be taken as neither an
endorsement of FIRE nor a dismissal of alternative theories of expectations formation. Indeed,
we show that conditional on the observed macro data, the DSGE model with regime shifts in
monetary policy generates waves of over- and under-prediction that are generally quite different
from the ones we observe in the SPF data. We view this as a new empirical motivation to consider

models with a richer regime shift structure and/or alternative theories of expectations formation.
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Appendix

A  Proofs

A.1 Proof of Proposition 1

The forecasting errors about ;, for any A > 0, are given by

FEt,tJrh = Yirn — EYitn
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+ P(:g = 1. We show this through proof by induction.
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where the last equality follows from Ps(thi

Clearly, Pit{)l + P(i)z = ps1 + Ds,2 = 1 for any s, € {1,2}. Suppose that Ps(thi + Ps(th% =1 We
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should prove that pitl) 4 Pg; Y = 1. We have that
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which is 1 in the main text.
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A.2 Proof of Corollary 1

Consider

(a1 — as)(1 — P

sr.1) if Sp4n =1

—<Cl1 — Gg)(l — Ps(:f%) if St+h = 2

One can show via proof by induction that for 0 < py1, pes < 1, it follows that 0 < Ps(f Z»t o < 1for

any s, sepn € {1,2}. Clearly, 1 —p,,5,,, > 0 for any s, € {1,2}. Suppose that 1 — Psf:th > 0.

We should prove that 1 — Pg,(f :jr)h > (0. We have that
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Hence,
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which is Corollary 1 in the main text.

A.3 Proof of Proposition 2

Forecast revisions can be expressed as

P(}f)a Pg(hle)a
Wy — My, (A.5)

st Qs _q

Ewirn — EioiYeyn = @

To obtain (14), we isolate y; from (A.5) and use it to substitute y; in (12).
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A.4 Proof of Proposition 3

The OLS coefficient estimate of regression vy, — Fiysin = VY + €rap is

N7 = (Z yf) (Z Ye(Yegn — Ftyt+h)> -

Assuming that the data are generated by the univariate regime-switching model under FIRE in

(8)-(10), we can use Proposition 1 to express this estimate as

T -1 7 T -1/
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where s, /s, = o and &4y = a,,, S0, ¢" ey, Hence, the expected
OLS coefficient given regime sequence {s;}1/" is
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T -1 T
9 9 T+h
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The first term is the expected estimate implied by the data-generating process, while the second
term is the bias arising from the fact that in finite samples, innovations €1, €49, ..., &4 affect
not only &5 but also 37/ a2 x7. In particular, for positive values of a1, as and ¢, realizations of
&n ave positively correlated with 3"/, a2 27 in finite samples and thus, the bias is negative.

To make progress on the first term, note that we can rewrite it as

[VT’{St}TJrh} = (%iaix?) ( Z’Yst,sm ag, T )’{St}ﬂh

where 4% denotes the fact that this is effectively the bias-corrected estimate. Now, imagine re-
peating the OLS regression for K samples of size T'+ h, with each sample being conditional on the
same sample regime sequence {s;}7 . Then, since the stochastic process {¢,} and therefore {z,}

are covariance-stationary and ergodic for second moments, the sample moments will converge to
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the population moments as K goes to infinity; i.e.,

1
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Hence, the OLS estimate converges to the linear projection coefficient (see e.g., Chapter 4.2 in
Hamilton, 1994), and we can express the expected bias-corrected estimate 5. conditional on regime

sequence {s,;}. " as

[A |{S }T+h] _ Zt 175t,$t+ha2E[ ] Z] 1ZZ 1 ,’Yl] (h)(i,j)
e Yy a2 E (] 2 a2 FM (i)

where the second equality makes use of the fact that under the assumption of two regimes, 'yéﬁ)st N hagt
takes on one of four values (each with joint sample frequency .Féh) (4,7)), while a2, takes on one of
two values (each with sample frequency .Fi(ph) (7).

To analyze the properties of E [‘y%] {st}tT:lh} , define the following conditional sample transition

probabilities:

f(-h) _ Zthl 1(St =1,S14n = j) _ F:(rh)(i»j)
g S Usern = J) F ()

where Z?Zl f](zh ) = 1. One can show that

32Gee, for example, Proposition 7.1 in Hamilton (1994).
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Hence, F; M, 5) = f( ).F:(ph)( ), and F: (h) (7) depends on F™and f{Monly. Substituting these expres-
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Clearly, the sign of E[y|{s,}/-"] depends on the sign of g(fl(?), f2(2 ). The frontier in the (f11 , (h))
plane for which is given by
h h h
_ g(f(h)) _ alpgl)(l —f )) - a2(p52) - f2(2))
=9\") = W =
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where al(l—fég ) > as(p) — f3) ) for any 0 < f <1, given that a; > as. Moreover, g(piy)) = p!"
and g(1) = 1. Then, Ey[{s,}{"] S0 <= £} = g(f35).

A.5 Proof of Proposition 4

Full-information rational expectations about X,,, are given by:

EXivn = Ei(Cipn+ AenXesn—1 + Birn€irn)

h—1 T h—1
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We will show through a proof by induction that
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where C' = , A= , s, 18 a 2n, X n, size matrix whose sth block

Onle C'2 Onzxnz AQ
of n, rows together with the columns form an identity matrix and the rest of the elements are 0,

and I, is the st column of a 2 x 2 identity matrix.
One can check that the expression above holds for h € {1,2}. Suppose it also holds for h = h;
does it also apply for h = h + 1?
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where the equality in the 7" row follows from E,I = P'L,,. Therefore,
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Finally, we note that M;;;; = [Cl CQ} Pl,.

A.6 Proof of Proposition 5

Consider the ex-post forecasting error about vector Y;,,, where h > 1:

FEiinh =Y —EYiy
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h—1 :
where errory, = V1Y T (T120 Asion ) Bsion »€t4h—r + V1 By, €1 We now turn to expressing
ex-post forecast errors as a function of ex-ante forecast revisions. The FIRE forecasts about the

endogenous variables vector X, in periods t and (¢ — 1) are given by, respectively,

EXirn = Myyrn + QeasnXe (A.10)
Ei 1 Xopn = M1 00 + Q040 X1 (A.11)

Hence, the ex-ante forecast revision about X;,; is given by
FRy o =B Xopn — B Xoyn = Mygon — My pon + QearnXe — Q1,000 X1 (A.12)
If Qt,t'i‘h iS inVertible, then from (A12), Xt = Q;tl_;_h(]EtXt-i-h — Et—lXt-‘rh) + Q;tl_t,_th—l,t-i-hXt—l —

Q;tﬂrh(Mtth — M,;_1 441). Substituting for X; into (A.9), we can rewrite ex-post forecast errors as

a function of ex-ante forecast revisions.
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Yieh — EYisn = (Oppan — Ft,t+hQ;t1+h(Mt,t+h — My_14410)) + Pt,t—i—hQ;tlJrh(EtXt—l—h —Ei 1 X1p)

(. J/

-~

~
=04 t4n =A¢ t1h

(A.13)

1
+ Ft,t+th,t+th—1¢+h X1 +errorgyy,

-~

=N¢—1,t4n

If Q¢44+5 is non-invertible, we proceed as follows. Let ¢;; and g;; denote the element located
in row 7 and column j in matrices @y, and @t71,t+h, respectively. Furthermore, let m; be the
element located in row ¢ in matrix (M, — Mi—1++4) - The ex-ante forecast revision of any variable

X; in X can be written as:

Ny Ny
FRipyn=BiXiuin =B Xigpn =mi+ ¢ X0 — > G5 X0 (A.14)

j=1 j=1
Then, any variable X;; in X; can be written as a function of the ex-ante forecast revision about

variable X, 1, where ¢ is chosen such that g;; # 0, as well as X_;;, X;_1, and a constant:

FR;t1n — Z#k Gij Xjt + D Qi Xja—1 — My

3
= |10 0 L 0 O} FRypon — ['ﬂ fikoi () ksl m} X+ [@ qwiﬂ} X
R ok ’ Lk Qik Qik T gk | Gx T Gk
Q:(rk,:) QQ‘(rk#) Qo (k,:)

m;

Qik

~—~

Mqk,)

It follows that vector X; can be written as a function of ex-ante forecast revisions as described

below:

Xe=Q FRypn — QoXi + @Qthl — My

From here, we have that X; = (L, + Qq) (Q F Ry + @QXt—l — My), and that
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Yieh —EYin = \@t,t—&—h — Dppn(Une + QQ)_IMQJ‘FFt,Hh(Im + QQ)_IQ_/FRt,t—i-h (A.16)

TV
=Qtt4n =Dt t+h

+ Ft,tJrh(Inx + QQ)*IQQ X1 +erroryp

=Nt 1,t4n

A.7 Proof of Corollary 2

1. Consider the case when C # (5, while Ay = Ay = A and B; = B, = B. Note that, for
Ay = Ay = A, the following is true:

Qitrn = V4 [A A] (PP®I,,) (ZL(P’ ® Inz)> Iy, = U AP (A.17)

Therefore, Ty 4y = U (A" — AM) = 0, xn,, and, given that By = B, = B, we have that

h—1
erroryyn = V1 Y ' _g AT Beyp—r. Furthermore,

h—1
Mygsn =0y Y ATC(PY' Ly, # 0y (A.18)

7=0

In this case, O 1y = VU3 Zﬁ;é AT(C

St+h—T

- C (P71, # 0,,, x1,therefore, ex-post forecast

errors will be biased, but they will not respond to information embedded in X;.

2. Now, suppose that C; = Cy = C' and A; = Ay = A, while By # By. Note that, given that
C1 = Cy = (), the following is true:

h—1
Mypon =0, ) ATC (A.19)
7=0
S0, Ott1n = Opyxn,, implying that ex-post forecast error are not biased. Furthermore,

Ay = Ay = A implies that T’y ;1 = 0,,xp,. For By # Bs, the error term is as defined in
Section A.6. Consequently, when the regime shifts affect only the relationship between the
endogenous variables and innovations, ex-post forecast errors are just accumulated noise,

similar to the case of no regime shifts discussed below.

3. Finally, shutting down all regime shifts in the model implies that ©; 4 = Oy, x1, I'ii4n =
0n, xn,, and erroryy = € Z}T’;é AT Béi . Hence, in this case, forecast errors are accumu-

lated noise similar to the second case.
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B Univariate regime-shift model

The univariate regime shift model that we use to illustrate the regime-shift robust test of FIRE in
Section 4 is

Yy = A, T, (B.1)

where
a; ifs;=1
ag, = (BQ)
a9 if St = 2
and the regime switching is governed by an exogenous Markov process with transition matrix

p_ P11 P12 . (B.3)

D21 P22

Table 4 reports the characteristics of the prior and posterior distributions, estimated with US

output growth from 1969:3 to 2020:1.

Table 4: Prior and posterior distribution for the model with regime shifts

Prior Posterior
pdf 5% 95% || mean 5% 95%
ap | U 0.1 5 4.17 258 5.27
as | U 0.1 5 1.44 0.86 1.98
[0} B 02 08 0.87 0.82 0.92
o | ZG 0.01 2 0.38 0.26 0.58
pi2 | B 0.01 0.05| 0.03 0.01 0.04
par | B 0.01 0.05 0.02 0.01 0.04

52



C DSGE-RS model

C.1 Description of the log-linearized model

We briefly describe the log-linearized DSGE-RS model, which largely parallels Smets and Wouters
(2007). For details on the micro-foundations, we refer the reader to their paper.

The aggregate resource constraint is given by
Yr = CyCt + lyis + 242 + €] (C.1)

where y; is output, ¢; consumption, z; is the capital utilization rate, and ef is exogenous government
spending such that ef = pye?_ | +ef + pgac?, with & ~ N(0, 03) for any j € {g,a}, where €} denotes
a productivity shock. The parameter ¢, = 1 — g, — %,, with g, being the share of exogenous
government spending in output, whereas i, = (y — 1 + )k, where 7 is the steady-state growth
rate, 0 is the capital depreciation rate, and k, is the steady-state capital to output ratio. Moreover,
zy = 1iky, where 1 is the steady-state rental rate of capital. The consumption Euler equation is
described by

Ct = C1C4_1 + (1 - 01>Etct+1 + CQ(Lt - EtLt—l-l) - Cg(Rt - Etﬁt+1> + 6? (CQ)

where L; is supplied labor hours, R; is the nominal short-term interest rate, m; is inflation, and
e? is a disturbance term that follows an AR(1) process e = ppeb | + &b with 2 ~ N(0,02).
Parameter ¢; = (A\/7)(1+ A/7), where X denotes external consumption habit and o, the elasticity
of intertemporal substitution. Moreover, co = (0. — 1)(w*L*/C*)/(c.(1 + \/v)) with w*L*/C*
being the steady-state labor income share, and ¢z = (1 — A/7)/(0.(1 + A/7)). The equilibrium

equation for investment, i;, is
iy = i1 + (1 —i1)Eyigsr +ioqe + €} (C.3)

where ¢; denotes the capital price, and ¢! is a disturbance to the investment-specific technology
process that follows an AR(1) process ei = pei | + et with €/ ~ N(0,0?). Parameter i; =
(14 By*7¢)~!, where § is the discount factor of houscholds, and is = ((y2¢)(1 + 8479¢)) ", with
v being the steady-state elasticity of the capital adjustment cost function. The equation for capital
price is

@ = @Eipq + (1 — (h)Et?"fH — (R — Eymyg1) + qoel (C.4)
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where rF is the rental rate of capital, given by
ry = Ly — ke + wy (C.5)
and ¢; = By77¢(1 = 9), ga = 0.(A+7)/(7 — A). The aggregate production function is
Y = dpaky + (1 —a)Ly +¢€) (C.6)

where ef is the TFP shock that follows an AR(1) process €? = p,ed | + &¢ with € ~ N(0,02),
is the share of capital in production,¢, is the share of fixed costs in production plus unity, and k;

denotes current capital used in production
k?f = kft_l + 2 (C7)

with
2 = 21F (C.8)

where z; = (1 — ) /v with ¢ being a (positive) function of the elasticity of the capital utilization

adjustment cost function. The equation for capital accumulation is described by
kt = klkt—l + (1 - kl)it + kgei (Cg>

where k1 = (1 —08)/7v; ka = v?0(1 — k1)(1 + $7'77¢). Inflation dynamics are characterized by the

following New Keynesian Phillips curve
T = mmp_1 + Ty — mapk + €f (C.10)
with the price mark-up given by
py = ki — Ly) + ef —wy (C.11)

and €Y is a price mark-up shock, assumed to follow an ARMA(1,1) process, e} = pyef_|+e7 — el ;.
Furthermore, m = ¢,/(1 + B1,y' %), with ¢, being the degree of indexation to past inflation, and

T = Bmy % Jup; 3 = w1 (1= () (1— B ) /(1,6 (1+E,(d, —1))). Real wages adjust according
to

Wy = W We—_1 + (]. - wl)(Etth + Etﬂ-t—l-l) — WoTy + W31 — U)4,LL;U + 6;0 (ClQ)
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with the wage mark-up given by

76 = Ay (C.13)

wo__ - L—
Hy Wy — 0y 7_)\

where o, is the elasticity of labor supply with respect to the real wage, and e}’ is a disturbance
to the wage mark-up, assumed to follow an ARMA(1,1) process, e’ = pyel’ | + € — wel .
Moreover, w; = 1/(1+ 8v'7%¢); wy = wy (1 + Bryy!79¢) with ¢, being wage indexation; ws = wyty;
and wy = w1 (1 — Cu)(1 = By )/ (Co(1 4 €u(dw — 1)), with ¢, capturing real wage rigidity, &,
the curvature of the Kimball labor market aggregator, and (¢,, — 1) the steady-state labor market
mark-up.

The only main difference from Smets and Wouters (2007) is that, as in Bianchi (2013), the

monetary policy interest rate rule switches between two regimes

Ry = ps, Ri1 + (1= ps, ) (05,7 + 0%, (ye — ye-1)) + v (C.14)

where vy = p,v;_1 + €Y with €V ~ N(0, 02) being a monetary policy shock; and where the response

coefficients can take two sets of values, with the transition governed by a Markov process.

C.2 Solution and estimation

The regime-dependent MSV solution of the model under FIRE is given by
Xt = AStXt—l + Bstet (Cl5)

For the estimation, we map a vector of observable variables, Y;, with the endogenous variables
vector X4,

Y, = Uy + U, X, (C.16)

where Y; contains data on output growth, consumption growth, investment growth, real wage

growth, labor hours, inflation, and the federal funds rate.?® Vector ¥, is given by

Vo= Ay Ac Ai Aw [ = f] (C.17)

33We do not adjust the growth rates of output, consumption, and investment by population growth. Otherwise,
we would have to make assumptions about the evolution of the population growth within the model, since the SPF
provides forecasts about output growth, not output growth per capita.

95



where Ay, Ac, Ai, Aw are the average trend growth rates of output, consumption, investment,
and real wage, respectively; [ denotes steady-state hours worked; 7 is the steady-state inflation
rate; and 7 is the steady-state federal funds rate.

Tables 5 and 7?7 report the prior distribution characteristics as well as the estimated posterior
mean, posterior mode, and the 5th and 95th percentiles of the posterior distribution for all 40
estimated parameters. As in Smets and Wouters (2007), we fix § = 0.025, g, = 0.18, A\, = 1.5,
€, = 10, and &, = 10. Moreover, 7 = 100(8~1y%m* —1), where 7* = 1+7/100 and v = 1+ Ay/100.
The one important difference relative to Bianchi (2013) is that we assume that the response
of monetary policy to deviations of inflation from its target in the second regime is normally
distributed with mean 0.5 and standard deviation 0.2. Differently, Bianchi (2013) assumes that that
parameter has a gamma distribution with mean 1 and standard deviation 0.4. In our robustness
exercises, we have found that the choice of prior does not affect the simulation results of the
regime-shift robust FIRE test (details can be provided by the authors upon request).

In regime 1, the response of nominal interest rates to deviations of inflation from its target is
normally distributed with mean 1.8 and standard deviation 0.5, whereas in regime 2, it is normally
distributed with mean 0.5 and standard deviation 0.2. In both regimes, the response of nominal
interest rates to output growth has a gamma distribution with mean 0.25 and standard deviation
0.15, whereas the persistence of nominal interest rates has a beta distribution with mean 0.6 and
standard deviation 0.2. Both transition probabilities, p1o and po;, are assumed to have a beta
distribution with mean close to 0.1 and standard deviation 0.05.

The share of capital in production is normally distributed with mean 0.3 and standard deviation
0.05, whereas the share of fixed costs in production (plus unity) has a normal distribution centered
at 1.25 with standard deviation 0.12. The elasticity of intertemporal substitution is normally
distributed with mean 1.5 and standard deviation 0.37. The external consumption habit parameter
has a beta distribution with mean 0.7 and standard deviation 0.1. The elasticity of labor supply
with respect to the real wage is normally distributed with mean 2 and standard deviation 0.75.
Wage and price indexation parameters both have a beta distribution with mean 0.5 and standard
deviation 0.15, whereas real wage and price rigidity parameters have a beta distribution with mean
0.5 and standard deviation 0.1. The parameter linked to the elasticity of the capital utilization
adjustment cost function, ¢, has a beta distribution with mean 0.5 and standard deviation 0.15.

The function of the households’ discount factor, 100(3~! — 1), is assumed to follow a gamma
distribution with mean 0.25 and standard deviation 0.1. The average trend growth rate for output
follows a normal distribution with mean 0.4 and standard deviation 0.1; steady-state inflation is

assumed to follow a gamma distribution with mean 0.62 and standard deviation 0.1; hours worked
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Table 5: Prior and posterior distribution of structural parameters

Prior Posterior

pdf mean std || mean mode 5%  95%
Monetary policy parameters

o7 N 1.80 0.50 || 263 244 228 3.00

ol N 050 0.20 || 0.77 0.81 0.58 0.83

oY g 0.25 0.15 || 040 0.42 0.20 0.58

o4 g 0.25 0.15 || 0.62 044 042 0.88

p1 B 0.60 0.20 || 0.64 0.61 0.57 0.75

P2 B 0.60 0.20 || 0.07 0.06 0.02 0.14

D12 B 0.0909 0.083] 0.15 0.11 0.08 0.25

D21 B 0.0909 0.083 ] 0.29 0.40 0.11 0.42
Other structural parameters

« N 030 0.05 || 0.14 0.14 0.12 0.16

O N 1.50 0.37 || 1.50 154 1.24 1.78

op N 1.25 0.12 || 200 2.00 197 2.01

@ N 4 1.50 || 7.20 712  5.69 834

A B 0.70 0.10 || 0.72 0.70 0.64 0.79

Cw B 0.50 0.10 || 0.71  0.70 0.63 0.78

or, N 2 0.75 1.99 202 166 2.38

Cp B 0.50 0.10 || 0.59 0.59 0.3 0.65

Ly B 0.50 0.15 || 0.70 0.56 0.54 0.84

Lp B 0.50 0.15 || 0.26 0.26 0.15 0.37

Y B 0.50 0.15 || 043 044 0.32 0.56

Iy B 0.50 0.20 || 0.65 0.64 0.53 0.75

Loy B 0.50 0.20 || 0.80 0.79 0.69 0.88

100(8~1 = 1) g 0.25 0.10 || 0.14 0.15 0.08 0.21

Ay N 040 0.10 || 0.21 0.22 0.19 0.23

7’r g 0.62 0.10 || 0.58 0.63 0.49 0.67

! N 0 2 -3.31 212 -4.67 -2.03

Notes: The table reports the prior distribution characteristics for all the estimated parameters, excluding shocks’ parameters. It then
reports the estimated posterior mean and model, as well as the 5th and 95th percentiles of the posterior distributions, based on 500,000
draws generated through the Metropolis-Hastings algorithm.

in steady state are assumed to follow a normal distribution centered at 0 with standard deviation
2. Finally, the persistence of all the shocks has a beta prior with mean 0.5 and standard deviation
0.2. Furthermore, the prior of the standard deviation of each shock innovation is an inverse gamma
distribution with mean 0.1 and standard deviation 2. The response of the price and wage mark-
up disturbances to the past respective innovations in the ARMA(1,1) process both follow a beta
distribution with mean 0.5 and standard deviation 0.2. The response of exogenous government

spending to productivity innovations has a beta distribution with mean 0.5 and standard deviation
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0.2.

Table 6: Prior and posterior distribution of shock processes

Prior Posterior
pdf mean std || mean mode 5% 95%

pa | B 0.5 0.2 | 036 036 034 0.38
o | B 0.5 0.2 | 0.19 0.17 0.15 0.23
pg | B 0.5 0.2 || 045 045 042 048
pi | B 0.5 0.2 | 027 027 024 0.31
py | B 0.5 0.2 | 0.16 0.16 0.15 0.18
pp | B 0.5 02 | 0.12 0.13 0.11 0.14
pw | B 0.5 0.2 | 038 038 035 041
Pga | B 050 020 0.66 0.67 0.55 0.77
iy | B 050 0.20 || 0.65 0.64 0.53 0.75
e | B 050 020 0.80 0.79 0.69 0.88

o, | G 0.1 2 099 099 0.99 1.00

o, | ZG 0.1 2 039 046 0.27 0.52
o, | 26 0.1 2 093 094 0.88 0.96
o | ZG 0.1 2 081 0.82 0.73 0.88
o, | ZG 0.1 2 049 041 038 0.59
op, | 2G 0.1 2 087 086 0.83 0.91
ow | G 0.1 2 0.86 0.85 0.75 0.92

Notes: The table reports the prior distribution characteristics for all the estimated parameters describing shock processes. It then
reports the estimated posterior mean and model, as well as the 5th and 95th percentiles of the posterior distributions, based on 500,000
draws generated through the Metropolis-Hastings algorithm.

To provide more details on posterior distribution, Figure 8 plots the kernel densities.

C.3 Filtering and smoothing algorithms

In what follows, we describe the Kim and Nelson (1999) filtering and smoothing algorithms, given
the state-space representation of the model in (C.15)-(C.16) in the main text. We initiate the
filtering process at regime so = 1, thus Pr(sg) = 27;1—”32])22. Moreover, X = Oy, x1 and vec(Kgp ) =

(Inz — (Ag ® ASO))_l (Bs, ® By, )vec(X). Then, for any ¢t > 1, we abide by the following filtering
algorithm:

1. Kalman filter

Xt(|it:1178t) = AStXfth—l (C.18)
(st—1,5¢) St
Kt|t_1 = ASth—ut—lAlst + BStZB;t (C.19)
(St—lyst) . Y _ ‘I’ X(St—l,st) _ ‘I’ C 20
Ieje—1 = Lt 141 0 (C.20)
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Figure 8: Posterior distribution of all the estimated parameters
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Notes: The figure exhibits the kernel density of the posterior distribution of all the estimated parameters, based on 500,000 draws
generated through the Metropolis-Hastings algorithm.

(st—1,8¢) (st—1,8¢) (8t—1,8¢) 1,7 (St—1,5¢) 7,/ -1 (st—1,8¢)
Xye =Xy KLY (‘I’th\t_f \1’1) Gij—1 (C.21)
K(Stfl,st) _ I K(Stfhst)\lj/ q] K(Stfl,st)\I]/ -1 ‘I’ K(Stfl,st) C 22
t|t - T M1 1 L1 1 1 tt—1 ( . )
2. Hamilton filter
Let Z; denote the information set up until period ¢.
Pr(sy, si—1|Zi—1) = Pr(s¢|si—1)Pr(si—1|Zi—1) (C.23)

JTWZ—) = Z Z F(Yelse, se—1,Li—1) Pr(se, se-1|Ti—1) (C.24)

St St—1
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where

Zy St—1,t -1 L (sio1.s0) St—1,5t 1 (sii1se
FVilse, e, Tot) = (2m)~ 3 | U KS 000 |75 eap (—— (s0-1,50) (%K‘ g >\1ﬂ1> gl >>

tlt—1 o 9tt—1 tlt—1 tt—1
(C.25)
f(Yt|5t7 5t—17It—1)PT(3t; 3t—1|It—1)
Pr(s:, si-1|L;) = C.26
(t t l| t) f(}/t‘.’zz—tfl) ( )
Pr(s|Z;) = Z Pr(st, si—1|Z:) (C.27)
St—1
3. Approximations
Pr(s:, si_1|Z, X (snst)

thi _ Zst—l ( ty 9t 1| t) t)t (CQS)

| PT(St‘It)
o D Prisusaalf) (KGO + (G - X0 - Xgoy)
e PT(St|It) ( ’ )

We now turn to the smoothing algorithm. We are particularly interested in the evolution of the
smoothed regime probabilities that will help us make inferences about the regime path, and the

evolution of smoothed X

| for each regime s;, where T' denotes the final period of the sample.

Starting from ¢t + 1 =T, we have

Pr(3t+1|IT)PT(St|It)PT(St+1|St)

Pr(se, sp1|Zr) = Pr(si1|Zy)

(C.30)
where Pr(si11|Z:) = Pr(se1]s:)Pr(s:|Z;). Finally, the smoothed regime probabilities are given by

Pr(s,|Zr) = Pr(s;, sia|Tr) (C.31)

St+1

Regarding the smoothing algorithm for X, we first compute

X = X 4 Ko (X, = X2 (C.32)
~ -1
where K{*" 1) = K AL (Kffl’ftt“)) . Further,
K(St,8t+1) — Kt +]?(3t75t+1)(K5t+1 N K(St,8t+1)) I}(St,sm-l) ! (C 33)
¢ ¢ ¢ tH1|T t+1)t t :
SO Pr(sy, s | Tp) X St
Xpo == HT (C.34)
PT(Stl.,Z,-T)
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Figure 9: Posterior distribution
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Notes: The figure plots the kernel densities of the full posterior distribution (500,000 draws) in dashed red jointly with the respective
densities of the 1,000 draws used for the two testing approaches in solid blue.

Do PrlsnlT) (K™ + (XG0 = X)L
qr — Pr(s:|Zr) '

C.4 Regime-shift robust FIRE test: Additional results

Figure 9 plots the kernel density of the full posterior distribution of 500, 000 draws jointly with the
kernel density of the N = 1,000 draws used for the two testing approaches. As the figure shows,
the 1,000 draws represent well the full posterior distribution of the estimated parameters.

Figure 10 plots the evolution of p-values associated with the FIRE test across the 40-quarter

subsamples.
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Figure 10: Regime-robust FIRE test for waves of over- and under-reaction: p-values
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Notes: The figure shows p-values of the null that the empirical estimates of 4; and 5; in (1) and (2) were generated by the DSGE-RS
model under FIRE for each 40-quarter rolling window. The values are centered at the midpoint of the rolling regression window (e.g.,
1980 denotes the regression window 1975:1 to 1984:4). The dashed red line indicates the 10% significance level for rejection of the null.
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